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Elliptic problem in GEM and INMI

• Two and three dimensional elliptic problem 
plays a major role in many weather and 
climate  numerical models.

• In GEM  model,  Implicit time discretization 
gives an 3D elliptic problem for P to solve 
at each time-step.

• The implicit normal mode initialisation 
(INMI) method gives many 2D elliptic 
problems  to solve at each INMI’s iteration.



outline

• GEM Model equations 
• Elliptic  PDE in implicit time stepping
• Direct and iterative elliptic solvers in GEM
• Scaling Results 
• Equations  and elliptic problems in INMI
• Preliminary results
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Trapezoidal approximation: Claude Girard

Next Monique Tanguay seminar
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Elliptic problem for P by elimination
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Elliptic problem by elimination
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Elliptic problem
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Vertical boundary conditions:

Horizontal boundary conditions:

LAM     :   Newman     
Yin-Yang: Dirichlet            
Lat_Lon:  periodic-Newman          



Back substitution
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Summary

• Elliptic problem for the variable P, is the 
kernel of the time iterative solver. It is called 4 
times per time step.

• Once P computed all the other variables are 
calculated by back-substitution

• References
• Girard et al.  2013 MWR
• Côté and Staniforth 1988 MWR
• Tanguay , Robert and Laprise 1990 MWR
• Gravel and Staniforth 1993 MWR



3D Direct Elliptic Solver
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The first  four vertical modes



Vertical separation: Non-symetric matrix ; imaginary eigenvalue 
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Direct elliptic Solver

• Fourier Analysis of the right-hand sides 
• Solve Nk 2D Helmholtz problems of 

dimension NI*NK:

a- we solve 2D Helmholtz problem by a direct method
b- we solve 2D Helmholtz problem by iterative GMRES

• Fourier synthesis of the solutions
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Helmholtz direct solver
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Direct Helmholtz solver

• Transp1:(Ni/Npex,Nj/Npey,Nk)              (Nj/Npey,Nk/Npex,Ni) 

• Fourier Analysis of the right-hand sides
• Transp2:(Nj/Npey,Nk/Npex,Ni)              (Nk/Npex,Ni/Npey,Nj) 

• Solve Nk x NI Tridiagonal  problems (NJ)

• Transp3:(Nk/Npex,Ni/Npey,Nj)              (Nj/Npey,Nk/Npex,Ni) 

• Fourier synthesis of the solutions
• Transp4:(Nj/Npey,Nk/Npex,Ni)              (Ni/Npex,Nj/Npey,Nk) 
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Slow/Fast Direct Helmholtz Solver

• Fourier Analysis of the right-hand sides; Slow: 
Matrix-Matrix multiply: cost per grid point increases 
linearly  with NI;  Fast : FFT:  cost per grid point 
increases logarithmically with NI

• Solve Nk x NI Tridiagonal  problems of 
dimension NJ 

• Fourier synthesis of the solutions; Slow: Matrix-
Matrix multiply  ; Fast: FFT



LAM     :  Newman           Shifted cosines functions
Yin-Yang: Dirichlet             sines functions
Lat_Lon:  periodic             cosines and sines functions 

Longitudinal  boundary conditions  and Fourier series functions:



Iterative 2D Helmholtz solver
Krylov method

• Iterative and projection method for our 
problem of dimension  n

• Seeks solution on the Krylov subspace K 
of dimension m<<n, by  constraining the 
residual to be orthogonal to a subspace  L 
of dimension m.

• .

AxbrbAx

rAArrK m

−==
= −

,
],....,,[ 1



Iterative Projection method 
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1-The matrix M approximate well     ; 
is better conditioned than   
2- Inversion of matrix     is Cheap,
• In GEM model, the matrix M is  the bloc-diagonals of A; 
local solve is done by the direct slow solver: no MPI 
communications
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Preconditioned GMRES Method
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Nodes PxQ
NixNj

# of MPI 
PEs

FFT
seconds

MXMA
Sec

Iterative
seconds

# itera

1 4x4
400x400

16 109 126 812 11

4 8x8
800x800

64 111 196 794 11

16 16x16
1600x1600

256 115 333 810 11

64 32x32
3200x3200

1024 124 633 936 12

138 47x47
4800x4800

2209 170 956 1000 12

Test Problems: 2.5 Km GEM_LAM with 93 levels



Why 3D-iterative elliptic solver

• Vertical separation is not possible in some 
cases.

• To Solve numerical instability; introduction 
of more linear terms in implicit scheme.

• Example to fix abrupt mountain's instability (with 
Girard)
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nodes PxQ
NixNj

#PEs MPI #iteration
2D/3D

Exec. Time
Seconds
2D/3D

1 4x4
400x400

16 11/16 812/2000

4 8x8
800x800

64 11/16 794/1982

16 16x16
1600x1600

64 11/16 810/1914

64 32x32
3200x3200

1024 12/17 936/2120

128 64x64
6400x6400

4096 17/24 1500/3200

MC2 model with GMRES(10) with ADI_V and a horizontal resolution 50-70 KM 
-60 iterations for a problem 119x119x31
-70 iterations for a problem  511x539x31
-Delta_z=806m

Weak scalability MPI test run (the number of solver calls is 800).
Comparison for timings between using 3D_PGMRES and direct with 
2D_PGMRES Problems: 2.5 Km GEM_LAM with 93 vertical- levels
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Yin-Yang Grid for global Forecast
Yin Yan Yin-Yang

A two-way coupling method between two-limited 
area models; Qaddouri and Lee  QJRMS 2011



Advantages of Yin-Yang Grid
• No poles; global quasi-uniform grid : this 

simplify numerical schemes when used 
with Yin-Yang grid

• Semi-Lagragian scheme without 
considering fluid parcel trajectory as great 
circle. 

• Explicit numerical diffusion solver
• More balanced computational load for 

scalability purpose compared to Lat-Lon.                    



Iterative Schwarz method for the elliptic problem
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Schwarz method’s convergence rate

• Classical Schwarz

• Optimized Schwarz method
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Iterative Schwarz method :Yin-Yang grid

BCs 
Yin

BCs 
Yang

Overlap

GEM_Yin-Yang  15KM : 3 iterations for 
convergence              with 2 degrees 
overlap

10 4−



NixNjxNk Horz.res
(degrees)

Time-step
(seconds)

Overlap
(degrees)

Yin-Yang # of 
iterations

270x90x57x2 1.04 3600 2 8
540x180x57x2 0.52 3600 2 8
1080x360x57x2 0.26 3600 2 8

Yin-Yang Classical Schwarz iterations (error         )

NIxNjxNK Horz.res Time-step
(seconds)

Overlap
(degrees)

Yin-Yang # of 
iterations

270x90x57x2 1.04 3600 2 8

540x180x57x2 0.52 1800 2 6

1080x360x57x2 0.26 900 2 4

10 4−



Boundary conditions # iterations

Dirichlet 289

Robin 28

Second order 19

Matlab test run  for Yin-Yang 300x100 x2 
With :            

With Robin and second-order condition we can’t use FFT !

1=ηλδ ∆=1



Implicit Normal mode initialisation (INMI)
work with Luc Fillion

• NMI is an initialisation technique for NWP 
models; Goal : Adjust initial conditions to 
avoid spurious oscillations.

• The horizontal  normal modes (HM) in 
spherical coordinates are explicitly computed 
when the horizontal equations are separable .

• INMI can be implemented without knowing 
the HM. The horizontal separability is not 
necessary. We have to solve some elliptic 
problems.



χ

χψχ

ψχψ

2

2
2

2

∇Φ−=
∂
∂

∇−+=
∂
∇∂

+−=
∂
∇∂

nt
P

P
t

t

��

��

�
�

	


�

�
�
�

�
�
�

�
∂
∂

∂
∂−��

�

�
��
�

�

∂
∂

∂
∂≡

�
�

	


�

�
��
�

�
��
�

�

∂
∂−

∂
∂+�

�

�
�
�

�
∂
∂

∂
∂

−
≡

∇=��
�

�
��
�

�
−+=

∇=��
�

�
��
�

�
−−=

λµµλ

µ
µ

µλλµ

χ
µ∂
χ∂µ

λ∂
∂ψ

ψζ
µ∂
ψ∂µ

λ∂
∂χ

ff
a

ff
a

D
a

V

a
U

2

2
22

22
2

22
2

1

)1(
)1(

11

;)1(
1

;)1(
1

�

�

With the following :

Systems of non-separable horizontal equations



Elliptic solvers in one INMI’s iteration 
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PGMRES Iterative Solver

)()()( 2

tt
P

t
P

M ooG

∂
∂−

∂
∂∇=

∂
∂ ψ

��

�
�

	


�

�
��
�

�
��
�

�

∂
∂−

∂
∂+�

�

�
�
�

�
∂
∂

∂
∂

−
≡

∇∇
Φ

−∇≡ −−

µ
µ

µλλµ

χψ

)1(
)1(

11

1
   

2
22

222

ff
a

M s

�

�� �

preconditioner (Block- Jacobi )

RXI =+−∇ )(( 2 �����		
�����	

2 Poisson problems



Poisson equations
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Direct 2D Poisson Solver

• Fourier Analysis of the right-hand sides; 
for mode zero removes the field average. 

• Solve  NI Tridiagonal  problems of 
dimension NJ 

• Fourier synthesis of the solutions



Preliminary result 

• From a given vector-solution we construct 
a vector-right hand side , and solve. We 
try to retrieve the vector solution, 3 
iterations for 10-5
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