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Elliptic problem in GEM and INMI

* Two and three dimensional elliptic problem
plays a major role in many weather and
climate numerical models.

* In GEM model, Implicit time discretization
gives an 3D elliptic problem for P to solve
at each time-step.

* The implicit normal mode initialisation
(INMI) method gives many 2D elliptic
problems to solve at each INMI’s iteration.
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Model equations |
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Spatial discretization
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2 time level Semi-Lagrangian Implicit time
discretization
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Time Discretization: time-differencing and
averaging the dynamical forcings along trajectory
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GEM- Temporal Iterative Solver
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Linear terms
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Non-linear terms
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Elliptic problem for P by elimination
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Elliptic problem by elimination
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Elliptic problem
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Vertical boundary conditions:
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Horizontal boundary conditions:

LAM : Newman
Yin-Yang: Dirichlet
Lat Lon: periodic-Newman




Back substitution
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Summary

Elliptic problem for the variable P, is the
kernel of the time iterative solver. It is called 4
times per time step.

Once P computed all the other variables are
calculated by back-substitution
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3D Direct Elliptic Solver
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.T.he first four vertical modes |
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Vertical separation: Non-symetric matrix ; imaginary eigenvalue

Py + Py, —e(l-x)P,, )Z= APZ
7. PZ. =1
Constraint: Similar to tri-diagonal symmetric matrix
S=D"(P,; +P,, —£(1-x)P,, D

D =diag(d,,d,,...dy,) ; (Py; + Py, —(1- K)P, ) = tridiag(a,b, ¢, v¢)

d=1d = | Dq k=2 =40
Cr-i Cr-i

Subroutine PreverIn: Vertical discretization is not compatible
with time step. The solver will not work
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Direct elliptic Solver

* Fourier Analysis of the right-hand sides
« Solve Nk 2D Helmholtz problems of
dimension NI NK

VZP +1, P =R, , 10, = 1,nk

a- we solve 2D Helmholtz problem by a direct method
b- we solve 2D Helmholtz problem by iterative GMRES

* Fourier synthesis of the solutions



Helmholtz direct solver
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Horizontal operators
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Direct Helmholtz solver

Transp1 :(Ni/Npex,Nj/Npey,Nk)}——— (Nj/Npey,Nk/Npex,Ni)
Fourier Analysis of the right-hand sides
TranSp2:(Nj/Npey,Nk/Npex,Ni)% (Nk/Npex,Ni/Npey,Nj)

Solve Nk x NI Tridiagonal problems (NJ)
(Pee + AiP9 + 77k Pﬁjﬁk,i — Peﬁk,i s k =1,NK,i=1,NI
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Fourier synthesis of the solutions
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Slow/Fast Direct Helmholtz Solver

« Fourier Analysis of the right-hand sides; Slow:
Matrix-Matrix multiply: cost per grid point increases
linearly with NI; Fast: FFT: cost per grid point
iIncreases logarithmically with NI

« Solve Nk x NI Tridiagonal problems of
dimension NJ

 Fourier synthesis of the solutions; Slow: Matrix-
Matrix multiply ; Fast: FFT



Longitudinal boundary conditions and Fourier series functions:

LAM : Newman Shifted cosines functions
Yin-Yang: Dirichlet sines functions
Lat_Lon: periodic cosines and sines functions



lterative 2D Helmholtz solver
Krylov method

* |terative and projection method for our
problem of dimension n

« Seeks solution on the Krylov subspace K
of dimension m<<n, by constraining the
residual to be orthogonal to a subspace L
of dimension m.

. K=[r,Ar,.....,A"'r]
Ax=b, r=b—Ax



lterative Projection method

1.Until convergence
2.S8elect a pair of subspaces K and L

3.Choose bases V =[v,,...,v. 1and W =[w,,...,w ]

4.r=b—Ax
S5.9=WTAV)'W'r
6.x=x+Vy

I .enddo

W' AV :nonsingular
1. A positivedefinieand L = K — x minimizes A—norm error

2.A 1snonsingular and L = AK — xmin/2normof the residual



Preconditioning- 2 Basic principles
Ax=b; M'Ax=M'b
1-The matrix M approximate well A; M'A
IS better conditioned than A
2- Inversion of matrix Mis Cheap,

* In GEM model, the matrix M is the bloc-diagonals of A;
local solve is done by the direct slow solver: no MPI
communications A7 0 0

M7=0 A' 0
0 0 Ay,




Preconditioned GMRES Method
Ax=b: M'A x=M"D

1.Compute r. =M "(b—- Ax ), = ||r i
pute 1, =M= (b—Ax,), f 5 MPI_allreduce
2.Forj =1,....., mDo
3.Compute w:=M "'A \&
4 fori =1,.., j s———  MPI_Exch_halo
5.0, = (w,vy) Matrix-vector operation
6.w=w-— hi’jvi
7.enddo
w
8.Compute | Py HWH and Vi = 7
j*1. MPI_allreduce
9 .enddo Dot product operation
IO.Deﬁne Vm:[Vl ....... Vm]H —{h }1<l<j+11<j<m
11 .Compute 'y, = arg min yH'B e — myH2 and x, = x,+vVv_Yy,

12 .if satisfied stop ,else set x, = x, and GoTo 1



Test Problems: 2.5 Km GEM_LAM with 93 levels

# of MPI MXMA | Iterative
PEs seconds Sec seconds

4x4 109 126 812
400x400

4 8x8 64 111 196 794 11
800x800

16 16x16 256 115 333 810 11
1600x1600

64 32x32 1024 124 633 936 12
3200x3200

138 47x47 2209 170 956 1000 12
4800x4800

Weak scalibility MPI test run(number of solver calls is 800)
Comparison of timings between using the FFT, MXMA, and iterative

Transp'l:(Ni/Npex,Nj/Npey,Nk)% (Nj/Npey,Nk/Npex, Ni)



Why 3D-iterative elliptic solver

» Vertical separation is not possible in some
cases.

» To Solve numerical instability; introduction
of more linear terms in implicit scheme.

« Example to fix abrupt mountain's instability (with
Girard)
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Weak scalability MPI test run (the number of solver calls is 800).

Comparison for timings between using 3D_PGMRES and direct with
2D PGMRES Problems: 2.5 Km GEM_LAM with 93 vertical- levels

#iteration Exec. Time

2D/3D Seconds
2D/3D

1 4x4 16 11/16 812/2000
400x400

4 8x8 64 11/16 794/1982
800x800

16 16x16 64 11/16 810/1914
1600x1600

64 32x32 1024 12/17 936/2120
3200x3200

128 64x64 4096 17/24 1500/3200
6400x6400

MC2 model with GMRES(10) with ADI_V and a horizontal resolution 50-70 KM
-60 iterations for a problem 119x119x31

-70 iterations for a problem 511x539x31

-Delta_z=806m
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Yin-Yang Grid for global Forecast

Yin Yan Yin-Yang
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A two-way coupling method between two-limited
area models; Qaddouri and Lee QJRMS 2011



Advantages of Yin-Yang Grid

No poles; global quasi-uniform grid : this
simplify numerical schemes when used
with Yin-Yang grid

Semi-Lagragian scheme without
considering fluid parcel trajectory as great
circle.

Explicit numerical diffusion solver

More balanced computational load for
scalability purpose compared to Lat-Lon.



lterative Schwarz method for the elliptic problem

Global problem on circle
7-9,)P=R on Q=[0 271, 7 )0

Two overlapped subdomains
Q=10 7+61, € =z 2x+35], )0

(ﬂ—a A ﬂ)Pl,k: Rion £ (ﬂ—a A /I)P2,k: R:on ()
BP.«(0)=BP2«-1(27) BP>.«(7)=BPi.«-1(7)
BP.(zw+8)=BP>i-1(7+9) BP2«(27+8)=BP.k-1(J)



Schwarz method’s convergence rate

e Classical Schwarz p=y4

_ (eﬁ” + em)2

10 dirichlet
1+eﬁ(7z+5))2

* Optimized Schwarz method
B=q,+p

Posana=minp(AT.S, 3. 5. .. B

BB By B

Qaddouri et al. Applied Numerical Mathematics 2008



Convergence rate

CONYErgence rate

Dirichlet convergence rate : eta=1

20 40 G0 o 100 120 140 160 1&0 200
overlap (degrees)
eta=5000
0.5 z 2.5 3 3.5 4.5

overlap (degrees)




lterative Schwarz method :Yin-Yang grid

BCs
Yin
BCs |
Yang
Overlap

S

p—

GEM _Yin-Yang 155(M . 3 iterations for
convergence ]() with 2 degrees
overlap



Yin-Yang Classical Schwarz iterations (error 10" )

Horz.res Time-step Overlap Yin-Yang # of
(degrees) (seconds) (degrees) iterations
2 8

270x90x57x2 1.04 3600
540x180x57x2 (.52 3600 2 8
1080x360x57x2 (.26 3600 2 8

Time-step Overlap Yin-Yang # of
(seconds) (degrees) iterations

270x90x57x2  1.04 3600
540x180x57x2 0.52 1800 2 6
1080x360x57x2  0.26 900 2 4



Matlab test run for Yin-Yang 300x100 x2
With : s=1a1 7=1

Boundary conditions # iterations |

Dirichlet 289
Robin 28
Second order 19

With Robin and second-order condition we can’'t use FFT !



Implicit Normal mode initialisation (INMI)
work with Luc Fillion

* NMI is an initialisation technique for NWP
models; Goal : Adjust initial conditions to
avoid spurious oscillations.

* The horizontal normal modes (HM) in
spherical coordinates are explicitly computed
when the horizontal equations are separable .

* INMI can be implemented without knowing
the HM. The horizontal separabillity is not
necessary. We have to solve some elliptic
problems.



Systems of non-separable horizontal equations
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Elliptic solvers in one INMI's iteration

oP oP oy
M G :V2 0y _ F 0
(at) (at) s(Bt)
oP
d V2(Ay)= —C
.V, (AY) y
oD

M (AP)= =2+, (Af)
| _
Vo (Ap)= VA (AP)

Where the Operator M:

— 2 1 -2 sy 7—2
M=V - VPV,



Horizontal distribution of variables

v T7 | B A
v U U
Vv Y 4
//JL/ (TJT A (] A

P Same position as Z



PGMRES lterative Solver

oP, P Iy,

M ( > ) = Vz(aato) — F ( at)/ 2 Poisson problems
|

M V2—¢TQ§V;,2TSV;{2
i[ 1 a(,0) 0 L0
F - p?)——
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preconditioner (Block- Jacobi )

(V?— (min(f) +max(f))/21 )X =R



Poisson equations

JP,
ot

1 _
V;(Agy):;qu;mp)

o, V> (Ay)=

Gauss Constraints
(Ay dA dsin(6)=0

sphere

[Ay dA dsin(6)=0

sphere




Direct 2D Poisson Solver

* Fourier Analysis of the right-hand sides;
for mode zero removes the field average.

» Solve NI Tridiagonal problems of
dimension NJ

* Fourier synthesis of the solutions



Preliminary result

* From a given vector-solution we construct
a vector-right hand side , and solve. We
try to retrieve the vector solution, 3
iterations for 10-5

M7'Ax =M™'R

1
— 2 =2 s\7-2
A= Vi- —EV]EY,

M = V? — (min(f)+max(f))/2



REFERENCES:

Fillion and Temperton 1989 MWR
Temperton and Roch 1990 MWR
Temperton 1987 MWR






