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Motivation

@ Why do we need a new numerical method for discretization?

@ Because, the existing methods have serious limitations to satisfy all of
the following properties:
© Local and global conservation
@ High-order accuracy
© Computational efficiency
© Geometric flexibility (“Local” method, AMR)
© Non-oscillatory advection (monotonic, positivity preservation)
@ High parallel efficiency (Petascale capability)

@ Discontinuous Galerkin Method (DGM) is a potential candidate to
address all of the above issues.

o F z = = 9Da¢

Ram Nair (IMAGe/NCAR) DG Methods for Atmospheric Modeling June 18, 2009 3 /52



Introduction Motivation

Motivation: Scalability of the HOMME Framework

@ HOMME: High-Order Method Modeling Environment relies on element-based method
(spectral element (SE) or DG) and developed at CISL

@ Recently, Taylor et al. (2008) have shown that the CAM/HOMME SE dynamical core
scales up to 86,200 processors on an IBM BG/L (LLNL).
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@ DGM is inherently conservative, and a hybrid approach combining the best of the SE and
finite-volume (FV) methods.

@ DGM can handle a wide range of equations of fluid motion (compressible Euler and
Navier-Stokes system [Cockburn & Shu, 2001))

o F z = = 9Da¢
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Conservtaion Laws

Flux-Form Atmospheric Equations (Conservation Laws)

@ A large class of atmospheric equations of motion for compressible and
incompressible flows can be written in flux (conservation) form
@ Conservation laws are systems of nonlinear partial differential equations

(PDEs) in flux form and can be written

6

3
0+ 2
where

QJ‘Q)

Fi(U,x,t) =

S(U)a

@ x is the 3D space coordinate and time t > 0. U(x, t) is the state vector represents
mass, momentum and energy etc.
@ S(U) is the source term

@ Fj(U) are given flux vectors and include diffusive and convective effects

dp

+V-(pV) =
at
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Conservtaion Laws Tools

Numerical Methods for Solving Conservation Laws: Local & Compact Methods

FV/FD SE/DG/SFV
[ [)
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@ Finite-Volume methods are traditionally used for solving conservation laws
E.g.: MUSCL, MPDATA, PPM, WENO, etc.

Computational stencil widens with order of accuracy (> 3)

Staggering is required for many applications

Computationally cheaper compared to the high-order methods on serial computers
Parallel communication “bottleneck” with high-order (petascale capable?)

@ Local and Compact high-order methods

E.g: SE, DG, spectral finite-volume (SFV), SFD, etc..

Truly local, computational stencil remains the same with increasing order
Expensive methods on serial computers (more d.o.f per element)

No staggering. Cost-effective with moderate order (3™ or 4th)

Excellent Parallel efficiency
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DG-2D Discretization

Discontinuous Galerkin (DG) Methods in 2D Cartesian Geometry
2D Scalar conservation law:

au
— + V-F(U) =5(V),
5tV F(U) =5)

source term.

in (0,T)xD; V(x',x?) e,
where U = U(x}, x?,t), V = (9/0x%,0/0x?), F = (F, G) is the flux function, and S is the
Domain D=U Q;;
Qi,i+1 . . .. .
@ The domain D is partitioned into
non-overlapping elements Q;;
Element
Qigj Qy Qi

@ Element edges are discontinuous

@ Problem is locally solved on each
element Q;;
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DG-2D Discretization

DG-2D Spatial Discretization for an Element Q. in D

@ Approximate solution Uy, belongs to a vector space V}, of polynomials Py (Se).

@ The Galerkin formulation: Multiplication of the basic equation by a test function ¢, € Vy,
and integration over an element Q. with boundary e,

/‘e {8Uh

— +V-F
1o}
@ Weak Galerkin formulation

: (Uh) = S(Us)| ra =0
Integration by parts (Green's theorem) yields:
oe o Urendn /Q F(Un) - Vg d92 +/ F(Up) - fippdl = /Q S(Up) ¢nd2
L le
| o, N -

@ Orthogonal polynomials (basis functions) are

employed for approximating U, and ¢ on Q.

@ Surface and line integrals are evaluated with

high-order Gaussian quadrature rule
@ Exact Integration: The flux (line) integral
should be an order higher than the surface
integral (Cockburn & Shu, 1989).
DG Methods for Atmospheric Modeling
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DG-2D Discretization

DG-2D: High-Order Nodal Spatial Discretization

@ The nodal basis set is constructed using a tensor-product of Lagrange polynomials h; (&),
with roots at Gauss-Lobatto-Legendre (GLL) quadrature points {&;}.

(€ -1)Py(9) ' N
hi(€) = N / hi(£)hi(§) = widj;.
N(N+1)PN(§I)(£ 51) 1
@ Py(€) is the Nth degree Legendre polynomial; and w; are Gauss quadrature weights

5x5 GLL Grid
4th Degree Lagrange Basis Functions

(+1,+1)
Element Qg
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The approximate solution Uy, and test function are represented in terms of nodal basis set

i=0 j=0
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DG-2D: The Flux Term

Resolving the discontinuity at element edges by numerical flux

Element (Left) Element (Right) Element (Left) Element (Right)
_ ¢ [ ]
Uh\o/uh+ Uh\“/L}]
[ ] [ ]

After Num. Flux Operation

@ Along the boundaries (I'¢) of the element Qe the solution U}, is discontinuous (U, and
U are the left and right limits).

@ Therefore, the analytic flux F(Up) - i must be replaced by a numerical flux such as the
Lax-Friedrichs Flux:

F(Un 7 = 5 [(F(U;) + FUD) i = a(Uf = U;)]

@ Note: For scalar problem o = max|F’(U)|, and for a system « is the upper bound on the
absolute value of eigenvalues of the flux Jacobian F/(U).

o F z = = 9Da¢
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DG-2D Time integration

DGM: Explicit Time Integration Method

@ Final form for the discretization leads to an ODE for each Uj(t);

d

—Uj(1)

dt /i [IGrad + IF/ux + lSource]

n AXI.IAXJ.2 wiw,
@ For a system of conservation laws, solve the decoupled ODE system:

d

EUh(t) = [,(Uh) = % U, = L(Uh) in (07 T)

@ Strong Stability Preserving third-order Runge-Kutta (SSP-RK) scheme (Gottlieb et al.,
SIAM Review, 2001)

vl = U+ AtL(U")
3 1 1

ud = 2yt 2o 4 S aec(u®
gV U g AU
1 2 2

Uttt = Zut 4+ 2U@ 4 Saec(u®).
VT 3UT 5 AU)

where the superscripts n and n+ 1 denote time levels t and t + At, respectively
o = = = E 9ace
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DG-2D Time integration

The DG, SE & FV Methods

DG SE
¢ ® 90 o ° ¢ [ ] ® ¢ o ® 0
e 0900 ot ¢ o09¢o e 9
° e oo do—o

Py Py Y
Boundary Discontinuity CO Continuous
FV

@ For DGM degrees of freedom (d.o.f) to evolve per element is N2, where N is the order of
accuracy.

@ For FV method the d.o.f is 1 (cell-average), irrespective of order of accuracy.

[}

DGM is based on conservation laws but exploits the spectral expansion of SE method and
treats the element boundaries using FV "tricks.”

o F z = = 9Da¢
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DG-2D Results

DG-2D Advection Test: Solid-Body Rotation of a Gaussian-Hill

elements fi
polynomia

@ h-error: Keep the degree of the

polynomial fixed, change number
of elements
@ p-error: Keep the number of

ixed, change degree of
|

@ Spectral convergence

2D p-error (rotation)
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DG-2D Results

DG-2D: Scaling Results (Levy, Nair & Tufo, 2007)

@ Problem: Advection of a Gaussin-hill, 80 x 80 elements with 6 x 6 GLL grid

@ Strong scaling is measured by increase the number processes running while keeping the
problem size constant

@ Weak scaling is measured by scaling the problem along with the number of processors, so
that work per process is constant

2D Advection 2D Advection
30} —Linear speed-up 500f @,
—~ | -x-Ne = 6400, Ng = 6 N
%]ﬁ §400 0'0'9'9"6'0'0'0'0'0
12} ~
g8 g 300
24 S
2 2 200
& 4 =100
1 2 4 8 16 32 1 4 64 256 1024
Number of Processes (log scale) Number of Processes (log scale)
Strong scaling Weak scaling
=} F = 2 = DAl
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DG-2D Results

DG Explicit time integration: CFL Stability

@ High-order Galerkin methods have stringent explicit time-stepping limitation

@ The Courant number (CFL) for the DG scheme is estimated to be 1/(2k + 1), where k is
the degree of the polynomial (Cockburn and Shu, 1989).

@ For a third-order Runge-Kutta time stepping estimated CFL (Cockburn & Shu, 2001):
Degree (k): 1 2 3
CFL: 0.409 0.209 0.130

@ Remedy: Use low-order polynomials (k < 3) or efficient semi-implicit / implicit time
integrators

@ Efficient time integration schemes for DG methods are under investigation (on going
research under DOE SciDAC project)

o F z = = 9Da¢
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DG-2D Limiter

Monotonic Limiter for DG transport

@ Importance:

o

@ In atmospheric models, mixing ratios of the advecting chemical species and
@ Challenges:
)

humidity should be non-negative and free from spurious oscillation.
@ The model should avoid creating unphysical negative mass

Godunov theorem (1959): “Monotone scheme can be at most first-order accurate
preservation!
9

There is a “conflict of interest” between the high-order methods and monotonicity

In principle, a limiter should eliminate spurious oscillation and preserve high-order
nature of the solution to a maximum possible extent
@ Existing Limiters for DGM:

too diffusive

@ Limiters based on WENO (Qui & Shu 2005), Moments (Krivonodova, 2008):
Expensive and no positivity preservation

Ram Nair (IMAGe/NCAR) DG Methods for Atmospheric Modeling
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DG-2D Limiter

DG-2D: A New Limiter for Transport Problems

@ The minmod limiter can be applied in x and y-direction sequentially, however it is very
diffusive.

Up(x,y,t) = Uh(t) + Uc(t) x + Uy(t) y + Uy (t)xy + Uxx(l“)x2 + Uyy(l“)y2 + HOT

@ First, check for the positivity violation of Uy, (t) , Ux(t) and Uy (t). If necessary, limit
the low-order terms Ux(t) and Uy (t).

[ ] [ ] [ ]
Qg Qg Qiur o
° ° °
Qi1 Qyy Qiary
[ ] [ ) L ]
Qg Qijy Qi

@ Limiter selectively applies slope limiting employs a 3 X 3 element stencil and positivity as a
constraint. The resulting method is up to third-order accurate.

o F z = = 9Da¢
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DG-2D Limiter

DG-2D P? (Third-Order): Solid-Body Rotation (Leveque, 2004)
Solid-Body rotation

of a cosine-cone and a square block (80 x 80 elements, 3 x 3 GLL points)

DG2 Solid—Body Rot. Initial
1.0 T T T
ll m i
‘ H 0.5
‘ \ .
’H ?a T,
>
—
-1.0 . . .
-0 -05 0.0 0.5 1.0
X=Grid

DG2—NolLimit: After One Revol
1.0 T T T

Y-grid

hh

-1.0

After one revolution, no limiting e e o o
Ram Nair (IMAGe/NCAR) DG Methods for Atmospheric Modeling
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DG-2D Limiter

DG2D: Monotonic limiting (with positivity preservation)

Solid-Body rotation after one revolution with constrained limiting

DG2 Solid—Body Rot. Initial

1.0 T T —
i
wu
4\
|! 0.5 1
il ‘
Il
il -
o

v

Y-grid

-
-1.0 —-0.5 0.0 0.5 1.0
X—Grid

DG2—Limiter: After One Revol.

o5
hed
5 oof
x

—05}

-0 . . .

-0 05 .0 05 o o -
O x-crid z = £ A
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SW model Cubed-Sphere

Extending DG Methods to Spherical Geometry

The Cubed-Sphere Topology [Sadourny, MWR 1972]
@ Free of polar singularities
@ Quasi-uniform rectangular mesh

@ Non-orthogonal grid lines, discontinuous edges

@ Well suited for the element-based methods such as DG or SE

Ram Nair (IMAGe/NCAR) DG Methods for Atmospheric Modeling
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SW model Cubed-Sphere

Cubed-Sphere: Central (Gnomonic) Projection

@ The sphere is decomposed into 6 identical regions, using the central (gnomonic)

projection of an inscribed cube with side 2a:

@ Equiangular projection using central angles
a,B € [-n/4,7/4], (Aa = APB)

@ Equiangular projection generates more uniform mesh on the sphere as opposed to

equidistant projection [Rancic et al., 1996; Nair et al. 2005]

@ All the grid lines are great-circle arcs

Ram Nair (IMAGe/NCAR) DG Methods for Atmospheric Modeling
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SW model Cubed-Sphere

Non-Orhogonal Cubed-Sphere Grid System

Metric Tensor Gj;, [Cubed-Sphere = Sphere] Transform

_ R? 1+ tan?x!
p* cos? x1 cos? x2

Central angles (, 3) = (x!, x?) are the independent variables such that x!, x? € [—7/4,7/4].
Gi —tanx! tanx?
where p? = 1 +tan?x! 4 tan®x?, i,j € {1,2}

—tanx! tanx

2
1+ tan? x2

+1/4

Computational domain is the cube [—7/4, +m/4]3

Physical Domain

z
-T/4

F
Fl FZ FS
x! + /4
Computational Domain
Ram Nair (IMAGe/NCAR) DG Methods for Atmospheric Modeling
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SW model Cubed-Sphere

Cubed-Sphere Geometry in terms of Regular (), ) Coordinates

Metric tensor in terms of longitude-latitude (A, 6):

RcosfON/Oxt  Rcosf O\ Ox>
. — AT A _

Ci=AA A= R g ox! R 06/ 0x2
@ The Jacobian of the transformation (metric term) is

VG = [det(G;]*/?

@ The matrix A is used for transforming spherical (physical) velocity (u, v) to the covariant
(u1, ) and contravariant (u!, u?) velocity.

|:u:|:A|:u1 G11
v u

G12 AT
G2l g2 :| =AT"A
@ A matrices and G's are all analytical, and can be pre-computed.

Ram Nair (IMAGe/NCAR) DG Methods for Atmospheric Modeling
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SW model SW-Model

2D System: Shallow Water Model on the Cubed-Sphere

Flux-form SW equations (Vector invariant form):

[Nair, Thomas & Loft (MWR, 2005a,b)]

oum 9
ot  0Ox1
o
ot  0x?

i) i) . ) B
5:(VGh + o5 (VGu'h) + 55 (VG u'h) = 0

= VGA(f+)

= —VGu(f+¢)

4

where G = det(Gj;), h is the height, f Coriolis term; energy term and vorticity are
defined as

B 1 1 5 1 Ou, Ouy
E=ttylnutuws) o= G[axl o]
=] =2 = = = A
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SW model SW-Model

HOMME (DG) SW Model Discretization

Cubed—Sphere (Ne=5, Nv=8) GLL Grid (8x8)

()] [ER)]

i

i
El

(-1 -1)
Cubed-Sphere (Ne = 5) with 8 x 8 GLL points

Each face of the cubed-sphere is partitioned into Ne X N, rectangular non-overlapping
elements (i.e., total 6 x N2 spans the entire sphere).

@ Each element is mapped onto the Gauss-Lobatto-Legendre (GLL) grid defined by
—1 < ¢&,m < 1, for integration.

Flux is the only “communicator” at the element edges. Nearest neighbor communication
is ideal for parallel implementation.

o F z = = 9Da¢
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SW model SW-Model

SW Model: Advection of a Cosine-bell [Williamson et al., 1992]

@ The DG transport is more accurate than the SE transport [Nair et al. 2005]

DGM-Modal _ (NE—Flow: 96x16x16)

48 9 144 192 240 268
Hours

(NE-Flow: 96x16x16)

0.003

0.002

Normalized Error

0.001

0.000

48 o6 144 192 240 200
100 200 300 400 500 600 700 800 900 1000 Hours

DGM Vs SEM run: Time traces for the normalized £1,£5 and £ errors (At = 30s)

Cosine-Bell Movie

[m] [ =
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SW model SW-Model

DG SW Model: Advection Tests

@ Global Transport with the monotonic limiter

DG—Ne50Nad?2, Cosil

ne_Bell, NoLimt DG—Ne50Nod2, Cosine_Bell, Limt

o nm
foet s
ety

@ Spectral convergence with a Gaussian-hill advection on the sphere

h-error, Ng = 6

107 \\
-6
-%Modal
_10||-%-Nodal

24 96 384 1536 6144
Number of Elements (log scale)

p-error, Ne = 384

107 \
-#-Modal
_1o|[-%-Nodal

4 5 6 7 8 9 10
N

Relative Error (log scale)
5
N
o

Relative Error (log scale)
[
o

=
o,

=

o,

o F z = = 9Da¢
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SW model SW-Model

Low-Order Tests: Second-Order DG Vs FV-MUSCL

regular FV transport schemes

@ Strong curvature terms associated with cubed-sphere geometry creates difficulty for the
(MUSCL, van Leer): Ne=32
_——

iz

=] 7ZS

NS

\ ‘ \.Q"}",., , ,
/ /
NS N
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SW model SW-Model

Advection: Deformational Flow (Moving Vortices on the Sphere)

DG: Moving Vortex on the Sphere (HOMME/Nair)

DG: Moving Vortex on the Sphere (HOMME/Nair)

Initial field and DG solution after 12 days. Max error is O(107>)

A New Deformational Flow Test [Nair & Jablonowski (MWR, 2008)]

as they move along a prescribed trajectory.
direction (a = 7/4).

@ Analytical solution is known and the trajectory is chosen to be a great circle along the NE

Ram Nair (IMAGe/NCAR) DG Methods for Atmospheric Modeling

@ The vortices are located at diametrically opposite sides of the sphere, the vortices deform
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SW model SW-Model

SW Test-2: Geostrophic Flow [Nair, Thomas & Loft, MWR 2005]

@ High-order accuracy and spectral convergence

(a) DG 150x8x8: Geostrophic Flow (Day—5)

DGM: SW Test-2, Convergence
T T

™4 g
w 10781 B
4
o
2 L
&
o 10781 g
S
N L
E 10
g 107101 g
<
Z L

10—127 i

10714 . . ‘

0 4 8 12 16
== - — s Degree of the Legendre Polynomial

Steady state geostrophic flow (ov = 7 /4). Max height error is 0(1076) m.

o F z = = 9Da¢
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SW model SW-Model

SW Test-5: Flow over a Mountain [Dennis et al. 2006]

Spectral Ringing (T213)

@ “Spectral ringing” (spurious oscillation) is
associated with the high-order spectral
methods (Jacob-Chien et al., 1995)

@ No spectral ringing for the height fields in
DG simulations

——7 o \vr——
i

90°W 0

180°
Geopotential height (m)

180° 90°W 0°
Geopotential height (m)
5000 5200 5400 5600 5800 6000 5000 5200 5400 5600 5800 6000

Flow over a mountain (& 0.5°). Initial height field (left) initial and after 15 days of integration (right)

A

- R
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SW model LDG

Viscous Shallow Water Model on the Cubed-Sphere

Local Discontinuous Galerkin (LDG) method: [Bassi and Rebay (JCP, 1997]

@ Element-wise localized diffusion (ELD) leads to inconsistent formation of diffusion
(viscous flux) terms in DG discretization

ot

Momentum equations for viscous SW model can be written in the following general form
9 2
—U+Ve-FU)=vVGV2U+SU),

in Cx(0,T],
where v is the diffusion coefficient, F = (Fy, F») is the flux function, and V. = (9/9x',d/9x?)
VGViU =

\/_ G div(grad(U))

2 [veen 2y au W I au

2o [

VoY ou +\/—G228U

Ox2
Ram Nair (IMAGe/NCAR) DG Methods for Atmospheric Modeling
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SW model LDG

Viscous Shallow Water Model on the Cubed-Sphere

@ The key idea of LDG approach is the introduction of a local auxiliary variable q = VU,
and rewrite the momentum equation as a first-order system:

q—-V.U = 0,
qa = qM’,
8—U+VC-F(U)—VVC-6 = S(U).
ot
Where
_[oU 8Uu _[ Vet VeG®
9= |oxt ax2]” M7 | vGeen

VGG } and g=qM’.
@ On each element Q. with boundary e on C, the weak form results in

J

e

q,-wdQ = Upw - -ndl

- / UpVe-wdQ
Te Qe
@ The flux associated with U, along the boundary le is approximated with the central flux
[}
DG Methods for Atmospheric Modeling
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SW model LDG

Diffusion Experiments: ELD Vs LDG [Nair, MWR 2009]

Flow over a Mountain: Relative Vorticity Fields (10°s™), Day 7
(a) DG (No Diffusion) (b) LDG (v = 2.5 x 10%)

o s w0E

W asw
(e) DG-ELD (v =2.5x 10°)

s

a_ |-

eo's i i eos

W W W o a5 WE NSE W W 4w

1 2 3 o =) = = = 9Da¢

-3 -2 -1 0
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LoG

Diffusion Experiments: Barotropic Instability Test [Galewsky, Tellus 2004]

Barotropic Instability Test: Relative Vorticity Fields (10°s™), Day 6
90°N

(a) LDG (v=1.0x10%

90°W

0
(b) LDG (v =5.0x 10%)

90°E

90°W
90°N

0°
(c) DG (No Diffusion)

90°E
45°N

180° 90°W 0° 90°E 180°
-1 -7 -3 1 5
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DG-3D

3D DG Hydrostatic Model in HOMME

@ Extending the DG SW model to a hydrostatic dynamical core:

@ The DG hydrostatic model is a conservative option in the HOMME
strategy

(High-Order Method Modeling Environment) framework

@ Vertical coordinates are Lagrangian and based on ‘evolve and remap’
shallow water systems

@ The 3D hydrostatic atmosphere can be treated as a vertically stacked

@ Periodic remapping is performed with a conservative method

[m]

=
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DG-3D Baroclinic model

Hydrostatic Prognostic Equations in Flux Form (Curvilinear coordinates)
8u1

()Ul 2 (9
-1 -E = f — I
gt T Ve Bt VG (f +¢) RT5(Inp)
dun O . )
E+VC-E2+08 = —Veu (f+¢) = RT55(Inp)
0 a(mm)
57 (M + Ve (U'm)+ o = 0
0 ; o(mn ©
a(m@)—kvc-(U’@m)—!—(m#]}) - 0
; a(mr
a(mq)—kvc-(U qm)—i—(T;q) =0
- ap (0 0 oo RT op
m= ﬁa—n,vc = (ﬁ, @) » 1 =mn(p, ps), G = det(Gy), = p on
Where m is the mass function, © is the potential temperature and g is the moisture variable
= (u',u?), E; = (E,0), E; = (0,E); E=d+ 1
geopotential, ¢ is the relative vorticity, and f is the Coriolis term

[m]

=

p On
(uput 2) is th t @ is th
5 (u1u' 4 wpu?) is the energy term. @ is the
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DG-3D Baroclinic model

Vertical Lagrangian Coordinates [Starr, 1945; Lin 2004; Nair & Tufo 2007]

A “vanishing trick” for vertical advection terms

@ Terrain-following Eulerian surfaces are treated as material surfaces.

Vertically Moving Lagrangian Surfaces

@ The resulting Lagrangian surfaces are free to move up or down direction

top

= k-1/2
Y
8p k
i
—
[ k+1/2
"]

| ————
mS

Topography P
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DG-3D Baroclinic model

3D Prognostic Equations with Vertical Lagrangian Coordinates

@ Lagrangian treatment of the Vertical coordinates results in 1) = 0 and the

mass function m = +/Gdp = Ap (pressure thickness).

@ Contravariant formulation preserves the familiar “vector invariant” form for

the momentum equations.

Momentum Equations: No explicit vertical advection terms

8u1 2 0
o +V.-E; = VGu (f+§)—RI—aX1(|np)
8[12 1 0

o 0
Vc = (%’ ﬁ) ’ El = (E70)a E2 = (07 E)’

E=0+ % (ulu1 + U2U2)
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DG-3D Baroclinic model

3D Prognostic Equations: Flux-Form Continuity Equations

Temperature field is advected with the mass variable Ap

0

E(Ap)—kvc-(U Ap) =0
0

57 (©4p) + V- (Ueap)=0
0

(qAp)+ Ve (U gAp) =0
potential temperature.

where U’ = (u?, u?), Ap = v/Gdp, p is the pressure thickness, and © is the

ot

Vertical layers are coupled with the hydrostatic relations:

Ad = —C,0ATN,

AP =—RTAlnp
where I = (p/po)” and T Denotes the layer mean temperature.

Ram Nair (IMAGe/NCAR) DG Methods for Atmospheric Modeling

[m]

=

DA
June 18, 2009 40 / 52




DG-3D Baroclinic model

The Remapping of Lagrangian Variables

Vertically moving Lagrangian Surfaces
@ Over time, Lagrangian surfaces deform and thus must be remapped.

@ The velocity fields (u1, uz), and total energy (I'g) are remapped onto the reference
coordinates using the 1-D conservative cell-integrated semi-Lagrangian (CISL) method
(Nair & Machenhauer, 2002)

AP= Pressure thickness ‘ ‘ Lagrangian Surface ‘

Lo s lteat
e t
— —

P Sy — AP
L i i =

e R - Lo
P [ 3 777777 e

— ; _— t
— i Topography — o

Terrain—following Lagrangian control-volume coordinates

Remapping: Lauritzen & Nair, MWR, 2008;  Norman & Nair, MWR, 2008)
=] =] = = = DAl
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DG-3D Baroclinic model
Computational Grid Structure for DG Model

=—__ (@) _ 11
=T
Kk+1/2 — - — < @ Py

GLL- Grid box
@ The remapping frequency is O(10) x At

@ Potential temperature © is retrieved from the remapped total energy
Me=c,T+ %22+ Ke
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DG-3D Baroclinic model

DG-3D: Baroclinic Instability Test

JW-Test [Jablonowski & Williamson (QJRMS, 2006)]

@ A standard benchmark test for atmospheric dynamical cores
@ To assess the evolution of an idealized baroclinic wave in the Northern Hemisphere.

@ The initial conditions are quasi-realistic and defined by analytic expressions. Analytic
solutions do not exist.

JW-Test: Initial Zonal Wind (m/s) JW-Test: Initial Zonal Temperature (K)
0.0
L 1 HE _u
5 1
= — 0.2
0 = — © 04
[ E | [}
> >
3t -
s 1 =
D = — © 0.6
= - 0.8
1.0 1.0
90S 60S 308 EQ 30N 60N 90N 908 60S 308 EQ 30N 60N 90N

Initial Conditions

o 5 = = =
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DG-3D Baroclinic model

JW-Test: Evolution of Surface Pressure over the NH

@ Baroclinic waves are triggered by perturbing the velocity field at (20°E, 40°N)

@ This test case recommends up to 30 days of model simulation

@ Ne = Nv = 8 (approx. 1.6°) with 26 vertical levels and At = 30 Sec.

DG [Ne=8,Nv=8,NI=26], Ps(hPa) 1H

DG [Ne=8,Nv=8,NI=26], Ps(hPa) 24H

o

HOMME/DG: Ps(hPa) Day 6 (NH)
LRE

g

g
9992 9995 998 10001 10004 10007 1000 o2 9995 9998

10001 10004 10007 1001
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DG-3D

Baroclinic model
DG-3D Model Vs. NCAR Spectral Model

hPa

@ The DG Solution is smooth and free from “spectral ringing”.
NCAR-T85L26, Day 8
Surface pressure

HOMME-SE/Ne30Nv4, Day 8

Surface pressure [res: 1deg]

HOMME-DG/Ne18Nv6, Day 8
hPa

Surface pressure [res: 1deg]

hPa

970

980 990 1000 1010

970

980 990 1000 1010

T T T 7 7 7
980 990 1000 1010
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DG-3D Baroclinic model

DG Model Vs. NCAR Climate Models [Nair, Choi & Tufo, 2009]

HOMME-DG/Ne26Nv6

Surface pressure (Day 11) hPa

Surface pressure (Day 11)

NCAR-T170
hPa

Fv 576x361

Surface pressure (Day 11)

022 958 o976  ©84 1012 1030 922

940 958 976 994 1012 1030

922 940 958 976 994 1012 1030

Simulated surface pressure at day 11 for a baroclinic instability test with DG model, NCAR spectral & FV models

JW-Test (Min Ps)

980

960

940

920

Surface Pressure (hPa)

900

——NCAR-T170
—— DG-Ne26Nv6|
—— FV576x361
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DG-3D Baroclinic model

DG-3D Model Vs. Other Models

Day7
s H

850 hPa Relative Vorticity Fields at Day 7 (107-5 /s)

NCAR-T340
0.35°
B ooe 1208 0 180 1sow
o @p HOMME-DG
> 0.56°
ae we 120E 150E 180 150w
) ﬁ NASA-GEOS
/ 0.25°
we o e
|

1s0e w o
I I
2 1 0 i
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DG-3D

Baroclinic model
DG-3D Model Vs. NCAR Climate Models

Temperature @850h deg]

NCAR-T170L26, Day 8
Temperature @850hPa

Temperature fields at 850 hPa level, with HOMME-DG, NCAR Spectral & FV models
HOMME-DG/Ne32Nv, Day 8

NCAR-Fv576x361, Day 8
Temperature @850

&l

@ The DG-3D model successfully simulates the Baroclinic instability and the results are
comparable with that of the NCAR models.
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DG-3D Baroclinic model

Parallel Performance (3D) - Frost [IBM BG/L]

@ DG-3D parallel performance: Sustained Mflops on IBM BG/L (1024 DP nodes, 700 MHz
PPC 440s): Approx. 9% peak (preliminary results without code optimization)

Sustaind FLOP Per Processor

@ HOMME-DG dynamical core employs 6th
order polynomials and about 50% slower

s than the HOMME-SE dynamical core
g (with 4th order polynomials).

100) @ However, a third-order DG version in

o —o— 1944 elements: 1 taskinode (CO) HOMME (CFL = 0.21) can compensate

- B-1944 elements: 2 task/node (VN)

- 67776 elements: 1 tasks/node (CO) the i nteg ration rate deficiency

% 7776 elements: 2 tasks/node (VN)
32 64 128 256 512 1024 2048

@ Idealized climate simulations (Held-Suarez, aqua planet) with CAM/HOMME-SE

dynamical core (Taylor et al. 2008) is very promising. Integration of HOMME-DG with
CAM physics is an ongoing effort.

o F z = = 9Da¢
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summary

Summary

@ The DG method with moderate order (third or fourth) is an excellent choice for solving
conservation laws as applied in atmospheric sciences. DGM addresses:
@ Local and global conservation
@ High-order accuracy
© Geometric flexibility
@ Non-oscillatory advection
© High parallel efficiency
@ Non-oscillatory DG transport (positive definite option) is found to be accurate and
effective up to third-order.
@ The preliminary idealized test results and parallel scaling results are impressive and
comparable to the SE version in HOMME.

@ The LDG formulation is consistent and very effective for diffusion mechanism in
HOMME/DG

@ The explicit Runge-Kutta time integration scheme is robust for the DG-3D model, but
very time-step restrictive.

o F z = = 9Da¢
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Future Work

simulations.

@ Coupling HOMME-DG with the CAM/CCSM physics for the real climate
@ Efficient time stepping

simulations. Targeting for large-scale parallelism with O(100K) processors.

@ More efficient time integration schemes are required for practical application climate

@ Possible approaches: Semi-implicit, implicit, IMEX-RK, Rosenbrock with optimized

Schwarz, etc.. (supported by the DOE SciDAC project)

@ Extending HOMME further to a full Non-Hydrostatic model
FV methods

@ Tools: Third-order DG combined with non-oscillatory H-WENO method; efficient

[m]
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