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Outline

Spectral Elements
* Fast: Semi-Implicit

* OIFS theory

* OIFS = semi-Lagrangian

» Second order splitting

» Faster: OIFS versus semi-Lagrangian
* Numerical results

* Localized high resolution: AMR

* Conclusion
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Spectral Elements

orizontal discretisation is Py, — Py spectral element.
Fields expanded in terms of the Lagrangian
Interpolants h;

Evaluate inner products using Gauss—Lobatto

guadrature
K N N
(foagder = Y >, > &) 6% (&.&) pip
k=1 =0 5=0
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Time-stepping: Semi-Implicit

tate X, explicit M and linear £ parts of model

L Mmx
dt

Define the operator
ApX = X" —oxm 4 xnl
Semi-implicit applied as a correction to the explicit step

Xn—l—l . Xn—l
2At

Robert—Asselin (1972) time-filter
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Results dry-primitive equations

homas and Loft 2004.
» 3 times faster than explicit integration.

* Modified Helmholtz equation

* Vertical eigen-mode decomposition.
* lterative conjugate gradient solver.

* Improved preconditioner on the way.
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Operator Integration Factor Splitting

A. Robert 1981 (SI+SL).
* Maday, Patera, Ronquist 1990: OIFS.

* K elements of order N, KN grid points
* Interpolation K N?2¢
» Scalar advection requires dK N¢t!

* OIFS more efficient if sub-step < N¢~1 "times"
* Purely Eulerian: regular communication patterns
* Nonlinear OIFS: St-Cyr and Thomas (2004)
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Semi-Lagrangian

"+ At

tn
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Semi-Lagrangian
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Semi-Lagrangian
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OIFS Sub-cycling
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OIFS Sub-cycling
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OIFS Sub-cycling

"+ At




OIFS Sub-cycling
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Operator Integrating Factor Splitting

= S(u(t)) + F(u(t)), te|0,T]

with initial condition «(0) = wuy.

Find integrating factor Q% (¢), such that Q% (t*) = I,
d - "
—Q5 (1) - u= Q5 (1) - F(u).

To find the action of Q% (¢) solve

dv(t1)(5)
ds

= Sy, 0<s<t—t*

3 with initial condition v (0) = w(¢)
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o If S(u(t)) = A(t)u(t)
© A(t1)A(t2) = A(t2)A(t1)

Q% (t) = exp

Variation of the constant

-
u(t*) = Ay (t) + / A =5 Fu(s)) ds.
t

* A(t)I1s an N' x N’ matrix

| /f‘ Al ds|

OIFS theory: linear case
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OIFS theory: theorem

heorem: If v(*")(s) is the solution of
— o (s) = SN (s)), 0<s<t"—t

with initial condition v (0) = u(t), then

QL (t) - u(t) = oD (t* — 1),
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OIFS theory: proof
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OIFS theory: proof
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OIFS theory: proof

Q5(t+s)-5 = Qs (t+5) - S N(s)).

(last slide): using t — t + s and vV (s) := u(t + s) (fix t)

% {ng(t + S)} cu(t+s) = —Qg(t +5) - S(u(t + s)).
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OIFS theory: proof

Q% = QL (t+s)- S(w!(s)).

(last slide): using t — t + s and vV (s) := u(t + s) (fix t)

% {ng(t + S)} cu(t+s) = —Qg(t +5) - S(u(t + s)).

d ds

D15+ 9)] o 0(9) = ~Q5 (¢ + ) - S0 (),
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OIFS theory: proof

umming both contributions:

% [Qg* (t+s) - v<t*¢>(s)} — 0.
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OIFS theory: proof

umming both contributions:
d 7 Gl
Q5 (t+5) -0 (s)| =0

cste = Q% (t+ s) - vl (s)
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OIFS theory: proof

umming both contributions:
d 7 Gl
Eﬂ95@+@-v’(@}20

cste = Q% (t+ s) - vl (s)

with s = 0 and v (0) = u(t)

QL (1) - u(t) = QL (t + s) - vl (s)
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OIFS theory: proof

sing t* — t = s and applying the relation
Qs (1) =
Q5 (1) - u(t) = Q5 (%) - o D (t* — 1)

QL (t) - u(t) = oD (t* — 1),
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OIFS = semi-Lagrangian

S(u) = semi-discrete advection
Material derivative Is
d ~ Ou(x,t)

EU(X(CIS, t),t) = 5 S(u(z,t))

X(z,t) satisfies the ordinary differential equation

d
EX(:E,t) = u(X(z,t),1).
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OIFS = semi-Lagrangian

tegration on [t"9, "]
/tni (X(2.5), 5)d —/tn 0uL5) _ g, 6)) b d
- T uX(z,5), 5)ds = - 9 u(z, s S

w(X (x,t"),t") —u(X(x, "), ") =

uw(x, t") —u(x,t"" ) — S(u(x,s))ds

tn—4
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OIFS = semi-Lagrangian

(X (z,t™),t") = u(x,t") because X (z,t") = x

n

w(X (x, t"79),t" ) = u(x, t"7) + S(u(x,s))ds.

tn—a
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tegrating on the unshifted interval

%(8) = 5(v(s)), 0<s<t"—t"

with v(0) = u(z, t"7) (x fixed).

v(t") = ("9 —I—/O ! S(v(s))ds

= u(x,t"9) + / S(u(x,s+t))ds

0
tn

= u(x,t"7) + /t S(u(x,s))ds.

n—q

OIFS = semi-Lagrangian
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Second order splitting

initial condition specified at t, then t*** is

tn—I—k) ekAt(S—I—F)u(tn).

u(
Solving first for S and then F, the solution is given by

tn—l—k) ekAtFekAtSu(tn>.

u(

Error iIs the difference.

. RPN — p.25/41



Nonlinear OIFS

t-Cyr and Thomas (2004) sub-step

A
k —
@s+< X V + V( V) 0
o -
E+V°(¢V) =

with initial conditions v(x,t" %) = v(x,t"9),
D(x, 1" 1) = B(x, t"9).
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Time Discretization

tegration factor applied to the SWE'’s

.1 fx Vo
a9 g =—Qs() ! @T);Tv |

Backward Differentiation Formula (BDF-2):

vt — 4V g

= —M{fv'—-—VP"
OAL Vo=V
3PN 4(1371—1 4 (I)n—Z
— & vt
OAL oV v

sNon-symmetric due to implicit Coriolis: CGS.
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OIFS: results

T
OIFS interpolated ———
OIFS nonlinear -------

5e-10

Days

Figure 1: Shallow water test case 2
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OIFS: results

nonlinear ------- -

Figure 2: Shallow water test case 2
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OIFS: results

height m
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Figure 3: Nonlinear OIFS: At = 480 sec
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OIFS: results

W
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Figure 4: Nonlinear OIFS: At = 14400 sec
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OIFS: results

(time EXPLICIT)/(time OIFS)

25

Efficiency
N
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Figure 5: Efficiency NL-OIFS VS Explicit
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OIFS: results

603
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Figure 6: Swtc6: R-H : At = 120
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OIFS: results

8200—
A I I B L I L L I L L L
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Figure 7. Swtc6: R-H : At = 360 sec
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AMR: why?

High-resolution at lower cost.

* Enables to work with less resources.
* Weather localized features (15 days).
* Conjecture for climate: will it work?
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. Local degrees of freedom

1 1 1 2 2 2
0,0 @ 1o D uy (R &1 QU o

vl Au =0T QT ArQu=01Q" M Qf =o' f
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AMR: Interpolation based
non-conforming elements

MASTER

Slave 2

Slave 1

Figure 8: Non-conforming edges between parent

and children
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AMR: Trace interpolation

oolean matrix @ Is redefined as

Q= J.Q

where J;, Is an interpolation matrix.
DSS is conceptually the same:

v Au =0 (QTJL)AL(JLQ)u = v" QT ALQu.

(Fischer, Kruse and Loth 2002)
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AMR: Validation: test description

» Standard test suite of Willlamson et al. 1992: test
case 1.

* The initial condition is only Cj.
* Error estimator based on true solution.
* Error estimator of C. Mavriplis.

* Novel AMR algorithm uses only nearest neighbors
communications. (no broadcast of the tree)

* Comparison between locally refined and uniform:
same error.
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Conclusion

OIFS is equivalent to SL for advection.

* OIFS is efficient.

» Scalable alternative to semi-Lagrangian (SL).
* OIFS can be used with AMR.

* AMR: affordable high-resolution: will be
attempted on primitive equations.

* Next step primitive equations.
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