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“For the 3-TL Sl scheme, the external structure V=0 is unconditionally
stable for -.25 < a <1, but slightly shorter structures as described

earlier are found Unstable at large time steps as soon as a % 0
(very short modes are stable however). Figure 1 depicts the asymptotic

growth-rates for two structures: the external structure V=0, and a long
structure V= 0.0001 m-t. The growth rate of the long structure for a

moderate time step At = 30 s with a time-de@tering &=0.1...isalso |
depicted: the practical instability becomes small under these conditions,
and the 3-TL scheme cannot be positively rejected...” (p2489)
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The problem: Original & New Stability Analysis




A) The fundamental SISL (semi-implicit semi-Lagrangian) scheme

1) The Basic Model Equations
(2D isentropic version):

 2) Change thermodynamic variables
T, q to deviations T, q°




A) The fundamental SISL (semi-implicit semi-Lagrangian) scheme
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4) Apply the semi-implicit semi-

e

2) Change thermodynamic variables

T, q to deviations T', g’ Lagrangian (SISL) scheme:
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B) Original Stability Analysis

1) Linearize around basic state T* X(x,z,t) = "X (t)

onsider eigenmodes
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B) Original Stability Analysis

1) Linearize around basic state T*

e

~ 2) Consider eigenmodes

3) Use trigonometry

4) Analyze: There is in fact N o N
no restriction on tan )/ ? + /AN (k +nn*)+ Nok“A™ =0

“The proposed semi-
implicit semi-Lagrangian
scheme is said to be
unconditionally stable...”

(TRL p1979) A= X" X=X[X"




C) New stability analysis

la) Consider true perturbation variables around mean state To, go : T”, "
e — o e :
e = —
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la) Consider true perturbation variables around mean state To, o : T", q”

1b) Linearize around mean state To du .\ = oPl

2) Consider eigenmodes dt x|k
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C) New stability analysis

1a) Consider true perturbation variables around mean state To, o : T”, q”
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1b) Linearize around mean state To
2) Consider eigenmodes
3) Use trigonometry
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~4) Analyze (asymptotic behavior)

n=iv+1/2H.




—5) Analysis . (asymptotic behavior)

a) =0 (external mode [ shallow water model) n=1v+1/2H.

) XX




~-5) Analysis . (asymptotic behavior)

a) =0 (external mode [ shallow water model) n=1v+1/2H.

) K (1D version in vertical)
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—5) Analysis . (asymptotic behavior)

a) =0 (external mode [ shallow water model) n=iv+1/2H,
b) (1D version in vertical)
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.. the'scheme is always unstable as soon as
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FiG. 1. Asymptotic growth-rates " for a 1D vertical system in z coordinates as a function of the

nonlinearity parameter O(. Long mode (V = 0.0001 m™! ) with 2-TL SI scheme (thin line); long
mode with 2-TL ICI scheme Niter =2 (thick line); external mode (V = 0) with 3-TL SI scheme

(dotted line); long mode with 3-TL SI scheme (dashed line); practical growth-rate of 3-TL SI scheme
for the long mode with A #=30 s and € =0.1 (circles).




Summary: Dispersion Relations
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Searching for a solution




Searching for a solution

Scheme 1: A naive fully implicit scheme




Searching for a solution

Scheme 1: A naive fully implicit scheme
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heme 2: The full thing _(?jrding subindexode @)




What it means in terms of original variables




Searching for a solution

Scheme 1: A naive fully implicit scheme

heme 2: The full thing (dropping subindex o de @)

Scheme 3: The linear part only

1D analysis
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Conclusion

Having found a rather elegant solution =
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Unified Equations

Quasi-unified semi-discrete equations

Introduction of a free surface

Solid object




Unified Equations




buoyancy

TI
b=g—
9T

generalized buoyancy




Introduction of a free surface

We now want allow for px=p+(x, y, 2z, ) and px=p*( X, Y, 2, f) as
generated by a free top surface




Introduction of a free surface
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20 x .05 m
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Solid object

~ Space discretization (finite volume approach)

4

1. Full or partial step/cell topography/bathygraphy: the ax, ay are functions of Az:

2. The solid body is enforced using masks (integer values 0 or 1)

3. Boundary condiitions are applied as usual on walls










Energy and energy-like invariants for deep

A. Staniforth, N.

lm thermally isolated

& closed

& mechanically isolated




0®d /0z = g = const
0d/or =g(r)




closed rigid material volume

|[|dK +®+1)dv=const

—

Laprise & Girard (1990): closed elastic material volume
shallow atmosphere approx.
<—P=const. hydrostatic approx.

volurme |[|dK+ap+1)dv=const

ere approx.

H:CpT — RT_|_| :ap_|_| aterial volume
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Margules’ formula

0

pdz :oo,oCDdz = IDSzdp
[z <[ o - |

0

Generalized Margules’ formula

ZJIimlz :nz\g - _[zdﬂ
O " om
= p:Z; — J(;za—zdz
= pTJIdz + 'szg,odz
0 0
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closed rigid material volume

Laprise & Girard (1990): closed elastic material volume
shallow atmosphere approx.
hydrostatic approx.

Laprise (1992): closed elastic material volume
shallow atmosphere approx.
non-hydrostatic

| —

_[K+CD+I)+ p.[dV=const




closed rigid material volume

closed elastic material volume
shallow atmosphere approximation

closed elastic material volume
deep atmosphere




Gauss theorem

[[[(O@R)av = [[Amds

Transport theorem

”_[de Hj(—+DEFv)

F=1 transport
jjjdv [[[O)av = ”vms
F: transport ~ continu ity
0 0
S l1Teav :m(a—fwjdv:o - Penmu=e
Fz[ﬁ transport continuity

el oo = [ 253+ oo fav = [f{ 6 Jov
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Gauss theorem

[[[(ORA)dv = [[Ams

Transport theorem

o JIjFav m(—mm)

F=1 transport + Gaussnsport

y pe v = fiffossav - j vids

- transport + continuity transport continuity

0p 0p
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sz transport + continuity transport continuity
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Atmospheric Equations of Motion:

Momentum: Thermodynamic: Continuity:
Dv 1 DT 1 Dp_Q 5
—+—0Op+00 =f - = =P -
Dt p " Dt pc, Dt c, pt A0

Kinetic Energy, K =V—£V , Equation: IO% +V Dﬂp + ov [P = N Ki

Dt /\

Mechanical Energy, K+ @, Equation: o D(K ’ CD) +vVv D]]p = p{aﬁ +V Eﬂ}
Dt ot
Dc,T  DRT __Dp_
P ot Por N R
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Internal Energy, | = ¢ T Equation: I[)ﬁ + pD [V = m

Total Energy, E=K+®+I, Equation: IO% + [] [pv = p{aaﬁ +v[ + Q}
t t

-
9)9)



Gauss Transport+Gauss Transport+Continuity
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DE odb
Total Ener E=K+ @+1I, Equation: — —+V Eﬂ +
> ! ppp FHHVER { ot Q}

S5 C (<

DE
—+lpv=0
th [P

5 O O Z «

Integrated Total Energy Equation'
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| Boundary Conditions: |

B) Elastic Closed Volume with

| A) Rigid Closed Volume: | uniform pressure p;=const.
exerted on boundary:
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