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Overview

Core objectives:

1. Energy and enstrophy conservations

2. Good dispersive wave relations regardless of grid resolutions

3. Applicable on unstructured meshes over bounded domains

Our strategies:

1. Vorticity and divergence variables, inspired by
Z-grid, Randall (1994)

2. Discretization using the Hamiltonian approach, inspired by
a) Wang, Ji, and Xiao (2001, in Chinese),
b) Salmon (2004, 2005, 2007, 2009),
c) Eldred and Randall (2017))

3. Take care of the boundary conditions
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The vorticity-divergence form and the Poisson brackets

b

u

ζ = ∇× u vorticity, γ = ∇ · u divergence


∂
∂tφ+∇ · (φu) = 0,
∂
∂tζ +∇ · (ηu) = 0,
∂
∂tγ −∇× (ηu) =

−∆
(
g(φ+ b) + 1

2 |u|
2
)
.

The canonical equation for a Hamiltonian system

∂

∂t
F = {F, H}, H ≡ the total energy

{F, H} =

∫
M
qJ (Fζ , Hζ)dx+

∫
M
qJ (Fγ , Hγ) + · · ·

I Poisson bracket {·, ·} skew-symmetric =⇒ {H, H} = 0
=⇒ Energy conserved

I {C, H} = 0 for C =
∫
M φqkdx, ∀ k ≥ 0 =⇒

mass, vorticity, enstrophy etc. conserved
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Discretization by the Hamiltonian approach

General plan:

1. The Hamiltonian phase: Discretizaiton of the Hamiltonian H

2. The Poisson phase: Discretizaiton of the Poisson brackets
I Skew-symmetric
I With the potential enstrophy as a singularity

Boundary conditions:

1. No-flux BC’s for the streamfunction and velocity potential

2. Consistent treatment of the differential operators (∇, ∇⊥)
near the boundary to preserve the anti-symmetries

3. Natural evolution of the vorticity on the boundary
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Dispersive wave relations
On a global domain without boundaries

Assuming small variations in the thickness, streamfunction, and
velocity potential,

{
φ̄−1∆hψh = ζh,

φ̄−1∆hχh = γh.


d
dtφ
′
h =− [∆hχh]i ,

d
dtζi =−f0

φ̄
∆hχh,

d
dtγh =f0

φ̄
∆hψh − g∆hφ

′
h.

Combined together, 

d

dt
φ′h =− φ̄γh,

d

dt
ζi =− f0γh,

d

dt
γh =f0ζh − g∆hφ

′
h.

Optimal dispersive wave relations of the Z-grid scheme retained!
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Numerical results: on conservations
A freely evolving circular gyre

Mesh: centroidal Voronoi with ∼3000 cells (mult-res. 23–167km). Time stepping: RK4 ∆t = 160s.

Simu. period: 1 year.

Mass Vorticity Energy Enstrophy

Change 6.11× 10−16 1.37× 10−16 1.03× 10−4 2.85× 10−13
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Numerical results: accuracies

Figure: SWSTC #2: errors in
thickness and vorticity on day 5;
close to 2nd order.
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Figure: SWSTC #5: Errors in
thickness on day 15; between 1st
and 2nd order.
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Vorticity and spectra from SWSTC #5
Stress test:
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Vorticity and spectra from SWSTC #5
Stress test: day 50

Resolution: 120km
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Vorticity and spectra from SWSTC #5
Stress test: day 250

Resolution: 120km
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Summary and future outlook

A novel doubly conservative numerical scheme with optimal
dispersive wave relations on unstructured meshes, via:

I Vorticity-divergence formulation

I The Hamiltonian approach

I Consistent treatment of the boundary terms

Future plans:

I More tests

I Performance upgrade through pre-conditioners, time-stepping,
GPU acceleration, MPI parallelization

I More complex models e.g. multi-layer SWEs, hydrostatic
primitive equations, etc.
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