
PDEs on the sphere 2019
EDP sur la sphère 2019

April 29 - May 3, 2019
29 avril au 3 mai 2019

Montréal, Québec, Canada



Preface

This volume contains the abstracts presented at PDEs on the sphere 2019 workshop held on April 29 -
May 3, 2019, Montréal, Québec, Canada.

The PDEs on the sphere workshop is about numerical solution techniques on modern and emerging com-
puter architectures of the partial differential equations that govern weather, climate and ocean circulation.
Particular topics of interest included:

• All aspects of dynamical core formulation

• Coupling between equations and with sub-grid scale parametrisations

• Parallel scaling

• Test cases

• Equation sets

April 2019



Préface

Ce volume contient les résumés présentés à l’atelier EDP sur la sphère 2019, qui s’est tenu du 29 avril au
3 mai 2019 à Montréal, Québec, Canada.

L’atelier sur les équations aux dérivées partielles sur la sphère (Atelier EDP sur la sphère) propose des
travaux sur les techniques de solutions numériques, sur les architectures informatiques modernes et émer-
gentes, des équations aux dérivées partielles qui régissent la circulation météorologique, climatique et
océanique. Les thèmes présentés étaient les suivants:

• tous les aspects de la formulation des cœurs dynamiques des modèles,

• couplage entre les équations dynamiques et les paramétrisations physiques,

• parallélisme et scalabilité des méthodes numériques,

• développement de cas test pour les modèles,

• ensembles d’équations dans les modèles.
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Brinkman volume penalization for bathymetry in ocean models 

L. Debreu1 and N.K.-R. Kevlahan2 

1Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK, 38000 Grenoble, France 
2Department of Mathematics and Statistics, McMaster University, Hamilton, Canada 

 

Accurate and stable implementation of bathymetry boundary conditions remains a challenging 

problem.  The dynamics of ocean flow often depend sensitively on satisfying bathymetry boundary 

conditions and correctly representing their complex geometry.  Generalized (e.g.\ $\sigma$) 

coordinates are often used in ocean models, but they require smoothing the bathymetry to remain 

stable. $z$-coordinates are a common alternative that avoid the stability constraint, but they 

generate spurious flow due to their ``staircase" geometry.  We introduce a new Brinkman volume 

penalization to approximate the no-slip boundary condition and complex geometry of bathymetry in 

ocean models.  This approach corrects the staircase effect of $z$-coordinates, does not introduce any 

new stability constraints on the geometry of the bathymetry and is easy to implement in an existing 

ocean model.  The porosity parameter allows modelling subgrid scale details of the geometry. We 

illustrate the penalization and evaluate its accuracy by applying it to three standard test flows: 

upwelling over a sloping bottom, internal tides over highly peaked bathymetry features and 

maintenance of a resting state over a seamount. This work is dedicated to ocean models but can 

probably be extended to the treatment of orography in 3D atmospheric models.  In future work we 

will explore applying the penalization to moving boundaries, such as melting/freezing ice shelves.  

 

Kevlahan, N. K. R., Dubos, T., & Aechtner, M. (2015). Adaptive wavelet simulation of global ocean dynamics 

using a new Brinkman volume penalization. Geoscientific Model Development, 8 (12), 3891-3909. 

Reckinger, S., Vasilyev, O., & Fox-Kemper, B.  (2012).  Adaptive volume penalization for ocean modeling. Ocean 

Dyn., 62 (8), 1201-1215. 

 



  

  

Cut-‐‑cell  Eta  large  scale  skill  vs.  ECMWF  ensemble  members—where  
does  it  come  from?  

Fedor  Mesinger  1  and  Katarina  Veljovic  2  
1)    Serbian  Academy  of  Sciences  and  Arts,  Belgrade,  Serbia  (fedor.mesinger@sanu.ac.rs)  

2)    Faculty  of  Physics,  University  of  Belgrade,  Serbia  (katarina@ff.bg.ac.rs)  
  

PDEs,  Montreal,  Canada,  April  29  –  May  3,  2019  

  
In  an  experiment  driving  cut-‐‑cell  Eta  by  lateral  boundary  conditions  (LBCs)  of  ECMWF  
ensemble  members,  repeatedly  and  using  each  of  three  different  verification  scores,  all  21  of  
the  Eta  members  achieved  better  upper  tropospheric  wind  scores  than  their  corresponding  
ECMWF  driver  members.    Two  of  the  scores  verified  placement  of  wind  speeds  >  45  m/s,  
and  the  third  was  the  standard  RMS  difference,  all  at  250  hPa.    This  prominent  advantage  of  
the  Eta  occurred  at  and  following  the  time  when  a  major  upper  tropospheric  trough  was  
crossing  the  Rockies.  
  
One  feature  enabling  this  result  is  the  use  of  relatively  large  Eta  domain,  with  prescription  
of  LBCs  only  at  the  outermost  line  of  grid  points,  with  one  less  variable  prescribed  at  the  
outflow  than  at  the  inflow  points.  
  
For  a  test  of  the  impact  of  the  eta  coordinate  compared  to  the  usual  terrain-‐‑following,  
sigma,  the  experiment  was  repeated  with  the  Eta  members  switched  to  use  sigma.    The  
Eta/sigma  also  achieved  better  wind  scores  than  the  driver  ECMWF,  but  not  to  the  extent  of  
the  Eta.  
  
Subsequent  to  our  results  in  doi:10.1007/s00703-‐‑016-‐‑0496-‐‑3  for  illustration  of  the  Eta  
advantage  we  show  distribution  of  contours  of  250  hPa  wind  speeds  >  45  m/s,  for  all  21  
ensemble  members  for  the  three  models,  the  driver  ECMWF,  cut-‐‑cell  Eta,  and  the  
Eta/sigma,  at  4.5  day  lead  time.    While  the  driver  ECMWF  contours  perhaps  reasonably  
well  agree  with  the  verification  contours,  they  also  show  considerable  spread  so  as  to  
include  areas  not  verifying.    The  cut-‐‑cell  Eta  contours  show  little  spread,  agreeing  better  
with  verification.  
  
Contours  of  the  Eta/sigma  are  also  considerably  more  accurate  than  those  of  ECMWF,  but  
do  recover  some  of  the  ECMWF  errors.    We  have  several  candidate  reasons  for  this  
advantage  of  the  Eta/sigma  over  ECMWF,  and  plan  to  discuss  those  at  our  presentation.  



Vertical Resolution Requirements in Atmospheric Simulation 
 

Bill Skamarock, Chris Snyder, Joe Klemp 
National Center for Atmospheric Research 

Boulder, Colorado, USA 
 

Sang-Hun Park 
Yonsei University, Seoul, South Korea. 

 
We examine the role of vertical mesh spacing in the convergence of full-physics global atmospheric 
model solutions for synoptic, mesoscale and cloud-scale horizontal resolutions.  Using the MPAS-
Atmosphere model, convergence is evaluated for three solution metrics; the horizontal kinetic energy 
spectrum, the Richardson-number probability density function, and resolved flow features.  All three 
metrics exhibit convergence in the free atmosphere for a 15 km horizontal mesh when the vertical grid 
spacing is less than or equal to 200 meters.  Non-convergence is accompanied by noise, spurious 
structures (e.g. see figure 1 below), reduced levels of mesoscale kinetic energy, and reduced Richardson 
number peak frequencies.  Coarser horizontal mesh solutions converge in a similar manner but contain 
much less noise than the 15 km solutions for coarse vertical resolution.  For convective-scale resolution 
simulations with 3 km cell spacing on a variable-resolution mesh, solution convergence is almost 
attained with a vertical mesh spacing of 200 meters.  The boundary layer scheme is the dominant source 
of vertical filtering in the free atmosphere.  Although the increased vertical mixing at coarser vertical 
mesh spacing depresses the kinetic energy spectra and Richardson number convergence, it does not 
produce sufficient dissipation to effectively halt scale collapse.  These results confirm and extend the 
results from a number of previous studies, and further emphasize the sensitivity of the energetics to the 
vertical mixing formulations in models. 
 

 
 

Figure 1: Flow over the Andes at forecast day 6 in the 15 km mesh simulations using 100 
and 800 meter vertical mesh spacing in the free atmosphere.  Strong mountain waves are 
generated, and spurious waves and noise appear in the 800 m solutions. 

Potential Temperature (c.i. = 10 K) and Horizontal Divergence (fill, x 104 s-1)
∆z = 100 meters ∆z = 800 meters



	
Use	of	Non-iteration	Dimensional-split	Semi-Lagrangian	(NDSL)	in	Central	Weather	

Bureau	Global	Forecast	System	
	

Pang-Yen	Liu		
Central	Weather	Bureau	Meteorology	Research	and	Development	Center	(Taiwan)	

Jen-Her	Chen		
Central	Weather	Bureau	Meteorology	Research	and	Development	Center	(Taiwan)	

Hann-Ming	H.	Juang		
National	Centers	for	Environmental	Prediction	Environmental	Modeling	Center	(USA)	

henry.juang@noaa.gov	
Abstract	

	
Central	Weather	Bureau	Global	 Forecast	 System	 (CWB-GFS)	 is	 planned	 to	 improve	
the	spatial	resolution	into	15km	in	the	near	future.	For	Eulerian	model,	we	have	to	
use	 shorter	 time	 step	 to	 satisfy	 the	 CFL(Courant-Friedrichs-Lewy)	 condition,	which	
increases	 more	 computational	 resources	 to	 meet	 the	 needs	 of	 operation	 center.	
Considering	 to	 save	 the	 computational	 resources,	 implementation	 of	
Semi-Lagrangian	 scheme	 should	 be	 the	 next.	 Semi-Lagrangian	 method	 usually	 be	
used	 on	 U	 (zonal	 wind),	 V	 (wind	 direction),	 T	 (temperature)	 and	 Q	 (tracers)	 as	
prognostic	 variables.	 However,	 it	 will	 be	 a	 great	 change	 for	 CWB-GFS	 which	 uses	
vorticity,	 divergence,	 virtual	 potential	 temperature	 and	 tracers	 as	 the	 prognostic	
variables.	 NDSL	 (Non-iteration	 Dimensional-split	 Semi-Lagrangian)	 provides	 us	 an	
simpler	 and	 more	 efficiency	 way	 to	 upgrade	 dynamic	 core	 from	 Eulerian	 to	
Semi-Lagrangian.	 it	 only	 needs	 to	 estimate	 the	 advection	 terms	 via	 NDSL	 from	
Eulerian	 form,	 instead	 of	 rewriting	 the	 governing	 equations	 from	
divergence/vorticity	 to	winds.	The	 results	of	16-days	 integration	showes	 that	NDSL	
method	can	capture	the	characteristics	of	Eulerian	model	within	4	times	larger	time	
step,	and	also	saving	about	30%	computational	wall-time.	
	
	
Key	words:	Non-iteration	Dimensional-split	Semi-Lagrangian	



Title: A  modern perspective on grid staggering’s impact on dispersive properties and a 
real energy conserved model with consistent dynamics-physics coupling

Authors: Xi Chen (1,2), Cheng Li (3), Shian-Jiann Lin (2), Lucas Harris (2)
(1) Princeton University
(2) NOAA/GFDL
(3) California Institute of Technology

Abstract:

Preserving conservation properties in weather and climate models is difficult yet 
important. Many state-of-science models conserve mass and tracer species exactly, 
especially when using finite-volume algorithms. However, it is difficult to conserve total 
energy in these models, and local errors in total energy could lead to significant errors in
the events from the strength of weather systems to global mean temperature. There are
many reasons for such difficulties. For example, tracking the fluxes of the kinetic energy
is complicated with staggered discretization; and with hydrostatic dynamics, the change 
in potential energy from diabatic heating is implicit. Traditionally, however,  unstaggered
discretizations have been considered inferior due to poor dispersion properties. Also, 
almost no atmospheric models advect total energy, and energy conservation has been 
accomplished through numerical and physical fixers.
 
In recent studies, we have shown that for high-order discretization in high-resolution 
simulations, the grid-staggering choices make little practical difference to dispersion 
properties. Additionally, the increasing computing efficiency  makes non-hydrostatic 
global cloud resolving simulations achievable. Building exact energy conservation is 
possible in the next generation of model development. Therefore, we present a new 
finite-volume unstaggered nonhydrostatic cloud-resolving atmospheric model for 
studying moist convection and cloud formation. This model is sufficiently general to be 
used for arbitrary atmospheric structure, including those of both Earth and Jupiter. 
Unlike many atmospheric models, the total energy is a prognostic variable and therefore
intrinsically conserved by our finite-volume advection. Using total energy as a 
prognostic variable can also capture the entropy production due to irreversible mixing 
processes. Additionally, local moist-process only alters the partition of each species 
since energy is constant during the physics process. The model is designed as a first 
step to provide a unified framework for exploring planetary atmospheres across various 
conditions, both terrestrial and Jovian.



A total energy error analysis of dynamical cores and
physics-dynamics coupling in the Community Atmosphere

Model (CAM)

Peter Lauritzen
NCAR (USA)
pel@ucar.edu

Abstract

A closed total energy (TE) budget is of utmost importance in coupled climate system modeling;
in particular, the dynamical core or physics-dynamics coupling should ideally not lead to spurious
TE sources/sinks. To assess this in a global climate model, a detailed analysis of the spurious
sources/sinks of TE in NCARs Community Atmosphere Model (CAM) is given. This includes
spurious sources/sinks associated with the parameterization suite, the dynamical core, TE defini-
tion discrepancies and physics-dynamics coupling. The latter leads to a detailed discussion of the
pros and cons of various physics-dynamics coupling methods commonly used in climate/weather
modeling.

Keywords
Community Atmosphere Model, Parameterization, Physics-dynamics coupling



Global Environmental Multiscale model with a new terrain-following vertical coordinate 

based on height 

Syed Zahid Husain
1
, Claude Girard

1
, Abdessamad Qaddouri

1
, André Plante

2 

 

1
Atmospheric Numerical Prediction Research Section, Meteorological Research Division  

Environment and Climate Change Canada, Dorval, Quebec, Canada 

 
2
Canadian Meteorological Centre  

Environment and Climate Change Canada, Dorval, Quebec, Canada 

 

The dynamical core of the Global Environmental Multiscale (GEM) model, used operationally by 

Environment and Climate Change Canada (ECCC) for numerical weather prediction (NWP), employs a 

log-hydrostratic-pressure-type terrain-following vertical coordinate. A major advantage of such a 

coordinate is that it permits the use of a fast direct solver. However, recent tests have revealed that the 

direct solver loses scalability for very large number of processor cores. This limitation therefore 

necessitates the development of more scalable iterative solvers for future generation of massively parallel 

computer systems. A height-based vertical coordinate is considered to be more amenable to such iterative 

solvers as the metric terms originating from the vertical coordinate transformation appear explicitly in the 

discretized elliptic boundary value problem. 

Strong numerical instability over steep orography (slopes > 45°) is another challenging problem 

pertaining to the existing GEM dynamical core. Inaccurate estimation of the horizontal pressure gradient 

in the terrain-following coordinate is considered to be the trigger for this instability. Improving 

approximations of horizontal gradients by modifying the horizontal differencing stencils is expected to 

improve the instability problem. Again, a height-type coordinate, being time-invariant, is considered to be 

more appropriate for such modifications. 

The aforementioned limitations of the pressure-type vertical coordinate system have motivated 

the development of a new height-based dynamical core for the GEM model at ECCC. The new dynamical 

core has been evaluated against the existing model for two dimensional theoretical benchmark cases as 

well as for regional and global forecasts, and is found to be equivalent in terms of accuracy. Preliminary 

test results also indicate that the new vertical coordinate leads to improved numerical stability over steep 

orography. The formulation of the new dynamical core, the adopted strategy for dynamics-physics 

coupling and the results pertaining to the different numerical experiments for model evaluation will be 

presented at the workshop. 



A wavelet-based dynamically adaptive dynamical core: results and
perspectives
Nicholas Kevlahan (McMaster University) and Thomas Dubos (École Polytechnique

In previous work (Kevlahan, Dubos, Aechtner 2015; Aechtner, Kevlahan; Dubos 2015, Dubos and
Kevlahan 2013) we have developed a general framework for a wavelet-based multiscale dynamically
adaptive dynamical core. This method is based on iterative dyadic refinement of the icosahedron,
which generates a sequence of approximation subspaces (i.e. different grid levels) with arbitrarily
fine local resolution controlled by a single parameter controlling the errors in the tendencies at each
time step. Biorthogonal wavelets are used to measure local error and to restrict or prolongate fluxes
between different grid levels. The adaptivity is designed to preserve the mimetic properties (such
as mass conservation) of the underlying discretization (e.g.TRiSK). In this update we present
results for a hydrostatic implementation based on the DYNAMICO discretization. The grid is
adapted horizontally using the strictest condition over all vertical layers and the Lagrangian vertical
coordinates are conservatively remapped periodically onto the initial sigma grid using an ALE type
algorithm. We will describe the results of a number of test cases from the DCMIP series as well as
assess parallel performance. We will also discuss a the sensitivity of the Held and Suarez (1994) test
case results to the vertical remapping strategy, which is also relevant for non-adaptive dynamical
cores using a Lagrangian vertical coordinate. The goal of this project is to help assess the potential
of dynamical adaptivity to improve the computational performance and numerical accuracy of
climate models.

1



The E3SM Non-Hydrostatic Dynamical Core 
 
Mark Taylor (Sandia National Labs), David Gardner (LLNL), Jorge Guerra (UC Davis), Oksana 
Guba (SNL), David Hall (CU Boulder), Dan Reynolds (SMU), Andrew Steyer (SNL),  Paul Ullrich 
(UC Davis), Chris Vogl (LLNL), Carol Woodward (LLNL) 
 
We give an overview of the formulation of Energy Exascale Earth System Model’s (E3SM) non-
hydrostatic dynamical core. We use a Larprise formulation with a terrain following mass based 
coordinate (Laprise, MWR 1992).  The prognostic variables are u,v,w, potential temperature, 
geopotential height and the appropriate mass-coordinate pseudo-density.  In the vertical, we 
use a Lorenz staggering and the SB81 compatible finite difference operators (Simmons & 
Burridge, MWR 1981) These operators are generalized to the non-hydrostatic system where 
some variables are now transported on layer interfaces.  The generalization preserves the 
mimetic properties of the method, as well as the method's discrete derivative product rule.  In 
the horizontal we use the compatible spectral element discretization (Taylor & Fournier, JCP 
2010).  We have both Eulerian and vertically Lagrangian formulations (Lin, MWR 2004), with 
vertical remap based on Zerroukat et al, QJR 2005.  
 
The scheme conserves all quantities advected in conservation form (mass, tracer mass) as well 
as 2D potential vorticity.  With the vertically Eulerian formulation, it conserves energy to time-
truncation error even in the moist case with many commonly used equations of state.  The 
vertically Lagrangian formulation introduces vertical dissipation though the enforcement of 
monotonicity.  with additional flexibility with in the treatment of vertical transport due to the 
SB81 discrete product rule. 
 
We use a HEVI timestepping method, discretized with a high-stage IMEX method where the 
increased stages are used to increase the CFL efficiency (Steyer et al, CISC 2019).  The Laprise 
formulation and choice of prognostic variables means that the vertical acoustic waves do not 
appear in the vertical transport terms and are isolated to source terms in the w and 
geopotential equations, which can be statically condensed to a single scalar system, solved via 
Newton iteration.  In addition, the Laprise formulation makes it easy to compute a natural 
hydrostatic background state which is used to improve the pressure gradient error and reduce 
the effects of terrain following dissipation operators. 
 
The code has been implemented in E3SM's version of the High-Order Method Modeling 
Environment (HOMME) and is available on the E3SM public github site. 



FVM: A nonhydrostatic finite-volume dynamical core for the IFS 
 
Christian Kühnlein and Piotr K. Smolarkiewicz 
European Centre for Medium-Range Weather Forecasts, Reading, UK 
 
We present a nonhydrostatic finite-volume global atmospheric model formulation for numerical 
weather prediction with the Integrated Forecasting System (IFS) at ECMWF, and compare it to the 
established operational spectral-transform formulation. The novel Finite-Volume Module of the IFS 
(henceforth IFS-FVM) integrates the fully compressible equations using semi-implicit time stepping 
and non-oscillatory forward-in-time (NFT) Eulerian advection, whereas the spectral-transform IFS 
solves the hydrostatic primitive equations (optionally the fully compressible equations) using a semi-
implicit semi-Lagrangian scheme. The IFS-FVM complements the spectral-transform counterpart by 
means of the finite-volume discretisation with a local low-volume communication footprint, fully 
conservative and monotone advective transport, all-scale deep-atmosphere fully compressible 
equations cast in a generalised height-based vertical coordinate and flexible horizontal meshing. 
Nevertheless, both the finite-volume and spectral-transform formulations can share the same quasi-
uniform horizontal grid with co-located arrangement of variables, geospherical longitude-latitude 
coordinates, and physics parametrisations, thereby facilitating their comparison, coexistence and 
combination in the IFS. 

Following Kühnlein et al. 2018, we highlight the advanced semi-implicit NFT finite-volume 
integration of the fully compressible equations in IFS-FVM considering comprehensive moist-
precipitating dynamics with coupling to the IFS cloud parametrisation by means of a generic interface. 
These developments, which also include a new horizontal-vertical split NFT MPDATA advective 
transport scheme, variable time stepping, effective preconditioning of the elliptic Helmholtz solver in 
the semi-implicit scheme, and a revised computationally-efficient node-based implementation of the 
median-dual finite-volume approach, provide a basis for the efficacy of IFS-FVM and its application 
in global numerical weather prediction. Here, numerical experiments focus on relevant dry and moist-
precipitating baroclinic instability at various resolutions. We show that the presented semi-implicit 
NFT finite-volume integration scheme on co-located meshes of IFS-FVM can provide highly 
competitive solution quality and computational performance to the proven semi-implicit semi-
Lagrangian integration scheme of the spectral-transform IFS. 

 

Kühnlein, C., W. Deconinck, R. Klein, S. Malardel, Z.P. Piotrowski, P.K. Smolarkiewicz, J. Szmelter, 
N.P. Wedi, 2018: FVM 1.0: A nonhydrostatic finite-volume dynamical core formulation for IFS. 
Geosci. Model. Dev. Discuss., doi:10.5194/gmd-2018-237, under review. 
 
 
 



Designing a new dynamical core for the Met Office’s Unified
Model

Thomas Melvin
Met Office (United Kingdom)

thomas.melvin@metoffice.gov.uk

Abstract

To meet the challenges posed by future generations of massively parallel supercomputers a reformu-
lation of the dynamical core (GungHo) for the Met Office’s weather and climate model is presented.

The GungHo dynamical core uses explicit finite-volume type discretizations for the transport of
scalar fields coupled with an iterated-implicit, mixed finite-element discretization for all other terms.
The target model aims to maintain the accuracy, stability and mimetic properties of the existing
Semi-Implicit-Semi-Lagrangian (ENDGame) model on arbitrary quadrilateral meshes, such as the
cubed sphere, while also improving the conservation properties of the model. This model is then
coupled to the existing sub-grid physical parameterizations used in the current model to form an
atmospheric model suitable for weather and climate prediction. This talk details that proposed
formulation and demonstrates its performance for a number of dynamical core test cases. The new
model is shown to produce similar results to both the existing semi-implicit semi-Lagrangian model
used at the Met Office and other models in the literature on a range of tests in both spherical and
Cartesian domains.

Keywords
dynamical core, mixed finite element, semi-implicit, unified model
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NEPTUNE MODEL DEVELOPMENT AND TESTING AT THE U.S. NAVAL RESEARCH 

LABORATORY 
 

ALEX REINECKE1, JOHN MICHALAKES2, MATUS MARTINI3, KEVIN VINER1, DAVID RYGLICKI1, SASA GABERSEK1, 
JIM DOYLE1 

 
1 Naval Research Laboratory, Monterey, CA, USA. 

 
3 University Corporation for Atmospheric Research, Boulder, CO, USA.  

  
2 Devine Consulting, Monterey, CA, USA. 

 
 
Over the last several years, the Naval Research Laboratory has developed a new global numerical 
weather prediction system, based on a three-dimensional spectral element numerical 
discretization.  The system, known as NEPTUNE, is constructed to be computationally scalable and 
numerically flexible, in terms of grid design and order-of-accuracy.  One capability that is planned 
for the system is the option for both h- and p-refinement in the horizontal and vertical directions.  
In this talk, we will explore the impact of independently increasing the polynomial degree and the 
number elements for full physics numerical weather prediction forecast skill.  Initial results show 
that for numerical configurations with nearly the same number of degrees of freedom, simulations 
with a higher-degree (5th-degree) polynomial and fewer elements are more skillful in the mid- and 
high-latitudes than simulations with lower-degree (3rd-degree) polynomials and more elements.  In 
contrast, the opposite is true in the tropics.  We will explore the reason behind this difference.  The 
computational consequence of using high-degree polynomials relative to lower-degree polynomials 
on different computational architectures (CPU vs. GPU) will also be explored.     



Linking NEPTUNE with NAVDAS-AR: A Cycling NWP System coupling a 3D Spectral Element model and 
4DVar Data Assimilation 

Kevin Viner, David Ryglicki, Alex Reinecke, James Doyle, Boon Chua 

Naval Research Laboratory, Marine Meteorology Division, Monterey, CA 

 

The Navy’s next generation NWP system, NEPTUNE12, is under development at NRL. The atmospheric 
model uses a 3D spectral element spatial discretization and has shown promising results in terms of 
idealized testing, computational scaling, and, most recently, in terms of relevant skill metrics when cold 
starting from GFS analyses. The next major step in development is coupling NEPTUNE to a data 
assimilation (DA) system to break the dependence on external analyses. NAVDAS-AR3, the 4DVar DA 
component of NAVGEM4 has been chosen for the task. This talk will discuss the implementation of the 
coupling between the two components as well as results from extended cycling experiments relative to 
those of NAVGEM and other operational centers; this includes experiments fixing the degrees of 
freedom while varying the spectral element polynomial degree. Preliminary development of tangent-
linear and adjoint models of NEPTUNE for a more consistent 4DVar DA component will also be 
discussed. 

                                                           
1 Navy Environmental Prediction System Using the NUMA Core 
 
2 Nonhydrostatic Unified Model of the Atmosphere 
3 NRL Atmospheric Variational Data Assimilation System – Accelerated Representer 
4 Navy Global Environmental Model 
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The Eady model of vertical slice frontogenesis and the
geometric algorithm revisited

Colin Cotter
Imperial College London (United Kingdom)

colin.cotter@imperial.ac

Michael Cullen
Met OfficeAuthor (United Kingdom)

Hiroe Yamazaki
Imperial College London (United Kingdom)

Abstract

The Eady vertical slice model represents special solutions of the rotating incompressible Boussinesq
equations where all variables are independent of the y coordinate, except for potential temperature,
which has a constant linear profile in the y-direction plus a y-independent perturbation. These
equations exhibit a baroclinic instability that leads to the formation of a front which undergoes
baroclinic lifecycles, which can be understood in the semigeostrophic limit via the Hoskins trans-
formation to geostrophic coordinates. This transformation has an optimal transport formulation,
leading to the development of the Geometric Algorithm in the 80s and 90s which approximates the
semigeostrophic (SG) solution. This gives us a good framework for examining the performance of
dynamical core numerics in the presence of fronts. The vertical slice model is 2D and so can be run
on a laptop/workstation, and solutions can be compared with the Geometric Algorithm solutions
in the SG limit. Recently, an iterative rather than direct method of solving the discrete optimal
transport problem has been invented, which we can use to obtain higher resolution SG solutions for
more detailed comparison. We will present this new iterative form of the algorithm, show compar-
isons with standard numerical solutions of the Boussinesq model, and present a new compressible
vertical slice model testcase that exhibits fronts.

Keywords
Asymptotic limit analysis, Fronts, Semigeostrophic models



Shallow-atmosphere Form for Deep-Atmosphere Dynamics Equations 
 

Hann-Ming Henry Juang 
Environmental Modeling Center, NCEP, U.S.A. 

Email: henry.juang@noaa.gov 
 

Abstract 
 
 Most of current atmospheric global models are under shallow-atmosphere 
approximation due to the depth of model atmosphere is relatively shallow as 
compared to earth radius. Under this shallow-atmosphere approximation, the 
vertical variation on the distance of any given point in the atmosphere to center of 
earth is neglected, and the horizontal component of Coriolis force is removed due 
to conservation consideration of angular momentum. In order to extend 
atmosphere to cover ionosphere for coupling with space weather models in 
NCEP, we found shallow-atmosphere approximation is invalid, thus it is time for 
us to work into deep-atmosphere dynamics. 
 
 The deep-atmosphere dynamics equations have not only vertical variation 
of distance to center of earth for accuracy but also full Coriolis force effect for 
dynamics completeness. Nonetheless, to avoid on developing a new model 
system, a coordinate transform with modified momentum provide a path to have 
a shallow-atmosphere form of deep-atmosphere dynamics equations. With a 
similarity to shallow-atmosphere form of deep-atmosphere dynamics equations, 
we can implement deep-atmosphere dynamics into existed shallow-atmosphere 
modeling system with ease. We will present the illustration of the coordinates 
with modified momentums and the shallow-atmosphere form of deep-atmosphere 
dynamics system. 



Zonally propagating waves on the spherical Earth classified by formulating approximate 

Schrödinger equations.  

 

Nathan Paldor 

nathan.paldor@mail.huji.ac.il 

 

Abstract 

 

On the unbounded equatorial -plane linear wave theory of the Rotating Shallow Water 

Equations (RSWE) yields a simple and concise classification of zonally propagating waves 

following the formulation of a Schrödinger eigenvalue equation for the meridional velocity. In 

contrast, on a sphere the equations are cumbersome, which is why no general classification of 

waves has been proposed. The combination of exact numerical solutions of the RSWE and 

analytic solutions of approximate Schrödinger eigenvalue equations yields a clear classification 

of waves on a sphere. Three Schrödinger equation are derived that approximate the RSWE in 

different regions of the (Lamb number, frequency, zonal wavenumber) space. The n=0 Mixed 

Rossby-Gravity mode (MRG, AKA Yanai wave) is shown to exist on a sphere but a second n=0 

westward propagating cannot exist, which replicates the scenario on the equatorial -plane. 

However, the reason for the disappearance of the second westward propagating mode on a 

sphere differs from that on the equatorial -plane: While on the latter the second mode is absent 

due the singularity of the zonal velocity, on a sphere the zonal velocity is regular everywhere. In 

addition, the group velocities of low modes of westward propagating, Inertia-Gravity, waves 

vanish at some low zonal wavenumbers which might be of importance in determining the 

dominant zonal wavenumbers in the atmosphere and ocean. For eastward propagating waves, the 

formulation of approximate Schrödinger equations shows that on a sphere, Kelvin waves should 

be classified as the n=0 Inertia-Gravity mode and not as a unique wave-type. The attached figure 

compares the numerically computed dispersion curves of the MRG mode (blue dots) with 

analytic solutions derived from the associated approximate Schrödinger equations (orange line) 

and an ad-hoc asymptotic solution (green line). The orange circles on the ordinate are analytic 

values derived from an exact Schrödinger equation relevant to zonally symmetric (i.e. k=0) 

waves. In this figure =(2a)2/gH is Lamb’s parameter (where  and a are earth’s rotation 

frequency and radius, respectively, and gH is the square of the speed of gravity waves), k is the 

zonal wavenumber and  is the wave’s frequency.   
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Towards Model-Adaptivity: Localized

non-hydrostatic wave modeling

Jörn Behrens

January 31, 2019

Long wave modeling is often performed with linear or non-linear shal-
low water wave theory, implemented in corresponding hydrostatic computer
models. However, for more realistic features, in particular wave dispersion,
non-hydrostatic approaches implemented by Boussinesq-type equations or
by hydrostatic correction methods to the shallow water equations are used.
Here we use a Runge-Kutta discontinuous Galerkin (RKDG) implementa-
tion of a non-hydrostatic projection method [1].

The computation of the non-hydrostatic correction requires solving an
elliptic problem, which leads to solving a global linear system of equations
and is computationally expensive. Therefore, an adaptive local restriction
of the non-hydrostatic region is proposed. It can be shown that the disper-
sive wave properties can be maintained with much less computational effort,
compared to a global projection method. However, proper criteria for se-
lecting the non-hydrostatic region need to be found. Additionally, boundary
conditions at the interface between hydrostatic and non-hydrostatic regions
needs to be treated adequately.

Acknowledgement

This work relies on a PhD thesis by Anja Jeschke and a Master’s thesis by
Leila Wegener, both at Universität Hamburg.
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ESCAPE 2: Energy-efficient SCalable Algorithms for
weather and climate Prediction at Exascale

Andreas Mueller, Willem Deconinck, Giovanni Tumolo, Nils Wedi, Peter Bauer
European Centre for Medium-Range Weather Forecasts, Reading, UK

In the simulation of complex multi-scale flow problems, such as those arising in weather and climate modelling, one of
the biggest challenges is to satisfy operational requirements in terms of time-to-solution and available energy without
compromising the accuracy and stability of the solution. These competing factors require extreme computational
capabilities in conjunction with state-of-the-art algorithms that can optimally suit the targeted underlying hardware
while improving the convergence to the desired solution.

The European Centre for Medium Range Weather Forecasts (ECMWF) is leading the ESCAPE project funded by
Horizon 2020 under initiative Future and Emerging Technologies in High Performance Computing. The first ESCAPE
project finished in September 2018 and the second ESCAPE project has now started. The ESCAPE projects include
the development of new algorithms that are specifically designed for better energy efficiency and improved portability
through domain specific languages. Both projects incorporate through ECMWF’s project partners the expertise
of leading European regional forecasting consortia, university research, experienced high-performance centres and
hardware vendors.

This talk gives an overview of results obtained in ESCAPE 1 and future plans for ESCAPE 2. The participating
models IFS, ALARO, COSMO-EULAG, ICON and NEMO are broken down into smaller building blocks called dwarfs
(Fig.1). These are then optimised for different hardware architectures and alternative algorithms are investigated.
Algorithmic developments include the development of a multigrid preconditioner for the elliptic solver, a HEVI-
time integration scheme with significantly improved stability, a high-order finite difference shallow water model on
the sphere and semi-Lagrangian discontinuous Galerkin methods. In terms of code optimisations it was shown in
ESCAPE that GPU optimisation which takes full advantage of NVLink interconnect can provide a massive speedup
(23x for spectral transform and 57x for MPDATA) if all computations are run on the GPU.

Extract model 
dwarfs ...

... hardware 
 adaptation ...

... explore alternative
 numerical algorithms... ... reassemble 

model

Earth illustration: used under license from GraphicsRF/Shutterstock.com. Dwarf illustrations: used under license from Teguh Mujiono/Shutterstock.com

FIG. 1: Illustration of the main idea behind the ESCAPE project. The entire model is broken down into smaller building
blocks called dwarfs. These are adapted to different hardware architectures. Based on the feedback from hardware vendors and
high performance computing centres alternative numerical algorithms are explored. These improvements are eventually built
into the operational model.



The Matsuno baroclinic wave test case 

 

Ofer Shamir, Itamar Yacobi and Nathan Paldor 

 

Fredy and Nadine Herrmann Institute of Earth Sciences, The Hebrew University of Jerusalem, Edmond 

J. Safra Campus, Givat Ram, Jerusalem, 91904, Israel. ofer.shamir@mail.huji.ac.il 

 

 

The analytic wave-solutions obtained by Matsuno (1966) in his seminal work on equatorial waves provide a simple 

and informative way of assessing atmospheric models by measuring the accuracy with which they simulate these 

waves. These solutions approximate the solutions of the shallow water equations on the sphere for small speeds of 

gravity waves such as those of the baroclinic modes in the atmosphere. This is in contrast to the solutions of the 

non-divergent barotropic vorticity equation, used in the Rossby-Haurwitz test case, which are only accurate for 

large speeds of gravity waves such as those of the barotropic mode. The proposed test case assigns specific values 

to the wave-parameters (gravity wave speed, zonal wave-number, meridional wave-mode and wave-amplitude) 

for both planetary and inertia gravity waves, and suggests simple assessment criteria suitable for zonally 

propagating wave solutions. The test is successfully applied to both an equatorial channel spherical shallow water 

model, and a global-scale one. By adding a small perturbation to the initial fields, it is demonstrated that the chosen 

initial waves remain stable for at least 100 wave-periods. The proposed test case can also be used as a resolution 

convergence test. The figure below demonstrates the accuracy of the simulation for 100 wave-periods (=1850 days 

for the chosen Rossby mode) as well as the applicability of the proposed assessment criteria.  

 

Top row: The initial 𝑢, 𝑣 , Φ (geopotential), 𝜉 (vorticity) and 𝛿 (divergence) fields of the k=5, n=1 Rossby mode, 

for H=30 m. Middle row: latitude-time Hovmöller diagrams after 100 wave periods, obtained by intersecting the 

fields at 𝜆 =  −18° (also indicated by white vertical dashed lines in the top row). Bottom row: time-longitude 

Hovmöller diagrams, obtained by intersecting 𝑢 at 𝜙 =  0° and all other fields at 𝜙 =  9° (shown by horizontal 

white dashes lines in the top row) with the analytic phase speeds denoted by the dashed white lines. All fields are 

normalized on their global maximum at t=0 and contour-levels range from -1.0 to +1.0 by 0.2. 
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FAST AND STABLE COMPUTATIONS WITH SPHERICAL HARMONICS

RICHARD MIKAEL SLEVINSKY∗

∗Department of Mathematics, University of Manitoba, Winnipeg, Manitoba, Canada.

email: richard.slevinsky@umanitoba.ca

I will present rapid transformations between spherical harmonic expansions and their analogues
in a bivariate Fourier series. The change of basis is described in two steps: firstly, expansions
in normalized associated Legendre functions of all orders are converted to those of order zero
and one; then, these intermediate expressions are re-expanded in trigonometric form. Total
pre-computation requires at best O(n3 log n) flops; and, asymptotically optimal execution time
of O(n2 log2 n) is rigorously proved via connection to Fourier integral operators. I have released
FastTransforms in C and FastTransforms.jl in Julia, free and open source software, that
implements the algorithms and will demonstrate it live on nonlocal reaction-diffusion equations.

Figure 1 shows the qualitatively different results that appear when using nonlocal diffusive
operators; in particular, the steady-state solution for the nonlocal Allen–Cahn equation is dis-
continuous.

t = 0 t = 1 t = 4 t = 16 t = 64

Figure 1: Time evolution of the local (top) and nonlocal (bottom) Allen–Cahn equation starting
with a random initial condition provided by a spherical harmonic expansion with scaled standard
normally distributed coefficients of a fixed degree.
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An algorithm for quadrature on spherical polygonal grids

Christopher Subich1

1) Environment & Climate Change Canada
Christopher.Subich@canada.ca

The construction of moderate to high order finite element and finite volume methods depends on accurate
integration to define reconstruction operators (for finite volume methods) and to evaluate mass and stiffness
matrices (for finite element methods). When the underlying numerical grid is sufficiently regular, the required
integrals can often be evaluated analytically, but numerical quadrature is more efficient for irregular grids.

The icosahedral spherical grid, used in the dynamical cores of current and upcoming NWP models, is an
example of one such irregular grid. An accurate quadrature rule for each polygonal element can be generated
via a mapped tensor product, but the resulting rules are too large for “online” use, especially when exact
quadrature for spherical harmonics is necessary.

This work describes an algorithm for creation of optimally-small quadrature rules for spherical polygons
using numerical optimization. A quadrature rule with four points per polygon has fourth-order accuracy on
the icosahedral hexagonal grid, and a rule with six points per polygon has equivalent accuracy with exact
integration (to roundoff error) for spherical harmonics up to third order.

Exact to order 1 Exact to order 2 Exact to order 3

Exact to order 4 Exact to order 5 Exact to order 6

Sample quadrature rules

Figure 1: Sample quadrature points (red dots) for an irregular spherical hexagon (shaded, orthographic
projection), exact for spherical harmonics from first through sixth order.
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An energy and enstrophy conserving scheme on unstructured
meshes

Qingshan Chen
Clemson University (USA)
qingshan.chen@me.com

Abstract

A new scheme, based on the vorticity and divergence variables, is derived by approximating the
Hamiltonian formulation of the flow. The scheme operates on unstructured meshes, either on the
global sphere, or on a bounded domain, and it conserves both energy and enstrophy. The efficiency
of the Poisson solver is enhanced with the Algebraic Multigrid Algorithm and the massively parallel
GPUs. Results from a suite of test cases will be presented to demonstrate the advantages, as well
as limitations, of the new scheme.

Keywords
shallow water equations, unstructured meshes, energy conservation, enstrophy conservation, vorticity-
divergence formulation



A variational integrator for the rotating SWE

Rüdiger Brecht
Memorial University of Newfoundland (Canada)

rbrecht@mun.ca

Abstract

We develop a variational integrator for the shallow-water equations on a rotating sphere. The

variational integrator is built around a discretization of the continuous Euler�Poincaré reduction

framework for Eulerian hydrodynamics.

We describe the discretization of the continuous Euler�Poincaré equations on arbitrary simplicial

meshes. Standard numerical tests are carried out to verify the accuracy and the excellent conserva-

tional properties of the discrete variational integrator.

Keywords

variational integrator, geometric numerical integration, rotating shallow water equations



Structure-preserving models of geophysical fluids

Christopher Eldred∗

Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK

Thomas Dubos

Laboratoire de Météorologie Dynamique, École Polytechnique á Palaiseau

Francois Gay-Balamz

Laboratoire de Météorologie Dynamique, École Normale Suprieure

The dominant features of the large scale dynamics of the atmosphere (and many aspects
of the small-scale dynamics and other areas of geophysical fluid dynamics) are balanced
states and adjustment processes, wave motions (Rossby, Kelvin, and Inertia-Gravity) and
conservation properties (such as total energy). It is therefore desirable that the dynamical
core has similar discrete processes and properties, or in other words it is structure-preserving.
Underlying these properties at the continuous level is the Hamiltonian formulation, which
writes the equations of motion in terms of a Hamiltonian functional and a Poisson bracket.
A general framework for structure-preserving discretizations of reversible dynamics then
consists of discretizing the Hamiltonian formulation using a mimetic spatial discretization
and an energy-conserving Poisson integrator to produce a quasi-Hamiltonian discrete model.
This is sufficient to obtain most of the desirable properties, and careful selection of the
spatial and temporal discretization gives rest. Specifically, we use the mimetic Galerkin dif-
ference element (MGD, a type of compatible Galerkin method) coupled with a second-order,
implicit energy-conserving Poisson integrator. The MGD element avoid spectral gaps and
other dispersive anomalies found with compatible finite element methods. Concrete exam-
ples will be shown of the application of the general framework for two commonly used sets
of equations in geophysical fluid dynamics: the thermal shallow water equations and the
fully compressible Euler equations. For the latter, this includes several choices of prognos-
tic thermodynamic variable and function space, such as the Galerkin analogues of Lorenz
and Charney-Phillips finite-difference grid staggering. Results from planar versions of the
commonly used DCMIP test suite will be shown. In both cases, for the first time, models
with fully discrete conservation of total mass, buoyancy or entropy and energy for arbitrary
equations of state are obtained. There will also be a short discussion of ongoing working
on the extension of the general framework to incorporate irreversible processes, including
subgrid physics parameterizations.

∗corresponding author, chris.eldred@gmail.com



Hybridization of compatible finite element methods for dynamical

cores

Thomas H. Gibson, Imperial College London, t.gibson15@imperial.ac.uk,
Colin J. Cotter, Imperial College London, colin.cotter@imperial.ac.uk,
David A. Ham, Imperial College London, david.ham@imperial.ac.uk

Keywords: Mixed finite element methods, hybridization, geophysical fluid dynamics, numerical weather
prediction

We present compatible finite element spatial discretizations for equations relevant to numerical weather
prediction. This work is a subject of on-going development with the UK Meteorological Office, as part of
the “Gung-Ho” dynamical core project. Here, we focus on a technique known as “hybridization,” where
the governing equations are discretized in such a way that we may transform the original saddle-point sys-
tems into global elliptic problems. This technique allows us to locally eliminate the prognostic variables
to assemble an elliptic equation for unknowns on mesh interfaces. Once solved, the original unknowns
can be recovered locally as well.

In this talk, we will discuss how hybridization may be applied to the linear systems that arise in semi-
implicit discretizations of geophysical flows. The implementation of this technique is challenging, and we
will introduce a code-generation system that addresses the assembly and solution of hybridizable systems
within the Firedrake finite element library. We end with numerical results for standard dynamical core
test-cases.



A Mixed Mimetic Spectral Element Model of the 3D Compressible Euler
Equations on the Cubed Sphere

Dave Lee, Department of Mechanical and Aerospace Engineering, Monash University

A model of the 3D compressible rotating Euler equations on the cubed sphere with a 
shallow atmosphere approximation is presented. The model uses a mixed mimetic spectral 
element discretisation, which allows for balanced exchanges of kinetic, potential and 
internal energy via the compatibility properties of the function spaces. A Strang carryover 
scheme is used to partition the horizontal and vertical dynamics, with the vertical dynamics 
solved implicitly using a nonlinear Picard iteration in order to account for the time scales of 
the vertical sound waves. The basis functions used to represent the horizontal dynamics 
are discontinuous across vertical element boundaries, such that each layer may be solved 
independently. Similarly the basis functions used to represent the vertical dynamics are 
discontinuous across horizontal element boundaries such that each horizontal element 
may also be solved independently, thus avoiding the need to invert a 3D global mass 
matrix. The model is validated against a standard test case for baroclinic instability in an 
otherwise hydrostatically and geostrophically balanced atmosphere.

Conservation and convergence results will also be presented for the shallow water system. 
These demonstrate the spectral convergence of errors, as well as the conservation of 
mass, vorticity and energy in the discrete form on the smoothly varying non-affine mesh of 
the cubed sphere.



Compatible finite element methods for numerical

weather prediction on moving meshes.

J. Shipton1, C. J. Cotter1, and A. T. T. McRae2

1Department of Mathematics, Imperial College London, South
Kensington Campus, London SW7 2AZ

2Department of Physics, University of Oxford, Clarendon
Laboratory, Parks Road, Oxford OX1 3PU

We present recent work on integrating optimal-transport-based mesh move-
ment into a compatible finite element shallow water model. This work has been
motivated by the need for numerical weather prediction models to resolve fine
scale features without incurring the cost of having a fine grid resolution over the
entire globe. Compatible finite element methods are a type of mixed finite ele-
ment method (where different finite element spaces are used for different fields)
where the divergence of the velocity space maps on to the pressure space. This
necessitates the use of div-conforming finite element spaces for velocity, such as
Raviart-Thomas and Brezzi-Douglas-Marini, and discontinuous finite element
spaces for pressure. Cotter and Shipton (2012) demonstrated that compatible
finite element discretisations for the linear shallow water equations satisfy the
basic conservation, balance and wave propagation properties listed in Staniforth
and Thuburn (2012). The linear equations dictate our choice of finite element
spaces; we then need to construct stable and accurate advection schemes to
solve the nonlinear equations. This is complicated by the presence of the mesh
velocity in the equations. In this talk we will describe our mesh movement ap-
proach and present the latest results from integrating it into our shallow water
model.
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Energy conserving compatible finite element methods including upwinding

Golo Wimmer∗, Colin Cotter∗, Werner Bauer†

∗Imperial College London, †INRIA Rennes

The compatible finite element approach has recently been proposed as a discretisation method
for numerical weather prediction, and is currently being developed for the GungHo dynamical
core at the UK Met Office. This approach allows the use of pseudo-uniform grids on the sphere
that avoid the parallel computing issues associated with the latitude-longitude grid. It is also
quite general, allowing for adaptive mesh refinement and higher-order discretisations.

An important aspect for numerical weather prediction, particularly for long term simulations,
is conservation of quantities such as mass and energy. One way to ensure the latter is to discre-
tise the governing equations within a Hamiltonian framework, where the equations are inferred
from the system’s Hamiltonian (i.e. the total amount of energy) and a structure called the
Poisson bracket.

In our presentation, we first review the incorporation of the Hamiltonian framework into the
compatible finite element approach. We then introduce an extension to include upwinding
advection schemes for the different finite element spaces used in this approach, while still re-
taining energy conservation via the Hamiltonian setup. Finally, we present numerical results
for the rotating shallow water equations and report on progress towards an extension to the
compressible Euler equations.
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Application of spherical helix nodes to 

a shallow-water model using radial basis functions 

 

Takeshi Enomoto 

Disaster Prevention Research Institute, Kyoto University/ 

Application Laboratory, Japan Agency for Marine-Earth Science and Technology 

 

Spherical helix nodes are applied to a shallow-water model. Quasi-uniform nodes along a spherical 

helix are generated with a simple non-iterative algorithm without any restriction on the number of 

nodes (Bauer 2000). The shallow-water equations are solved using radial basis functions (Flyer and 

Wright 2009). The standard shallow water tests (Williamson et al. 1992) show that model using the 

spherical helix nodes generates comparable or smaller errors and has better conservation properties 

than that using the minimum energy nodes adopted in the previous studies (Flyer and Wright 2009). 
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A nonhydrostatic dynamical core using multi-moment 

method on cubed-sphere grid 
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Abstract 

   A nonhydrostatic dynamical core has been developed by using the multi-moment finite 

volume method that ensures the rigorous numerical conservation. To represent the spherical 

geometry free of polar problems, the cubed-sphere grid is adopted. A fourth-order multi-

moment discretization formulation [1] is applied to the nonhydrostatic governing equations 

cast in local curvilinear coordinates on each patch of cubed sphere through a gnomonic 

projection. In vertical direction, the height-based terrain-following grid is used to represent the 

topography. To get around the CFL stability restriction imposed by relatively small grid spacing 

in the vertical direction, the dimensional-splitting time integration using the HEVI (Horizontal 

Explicit and Vertical Implicit) strategy is implemented by applying the IMEX Runge-Kutta 

scheme. The proposed dynamical core has been extensively verified by the widely-used 

benchmark tests [2] in comparison with other existing dynamical cores. The results of our 

numerical experiments show that the present numerical core has superior solution quality and 

great practical potential as a platform for atmospheric models. A new unified model for 

numerical weather prediction and global atmospheric circulation simulation based on this 

dynamical core is under development in the Center of Numerical Weather Prediction (NWPC), 

CMA. 
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Abstract 
   An oscillation-less nonhydrostaic atmospheric dynamic core with the boundary 

gradient switching (BGS) limiter is developed by using a 3-point multimoment 

constrained finite-volume (MCV) method. The predicted variables (unknowns) are the 

pointwise values of the physical fields at the solution points equidistantly distributed 

within each mesh cell. The discrete formulas are derived with the constraint on the 

volume-integrated average (VIA) for each mesh cell and thus the proposed scheme 

rigorously guarantees the numerical conservation. Following the essentially non-

oscillatory (ENO) concept, the new optimized boundary gradient switching (BGS) 

algorithm determines the proper spatial reconstruction stencil from the two candidates 

based on the variation-minimization principle to avoid the numerical oscillations, and 

the resulting MCV3-BGS scheme is of fourth-order accuracy for the smooth problems. 

The MCV3-BGS scheme is free of case-dependent ad hoc parameter and does not need 

the smoothness indicators. Using the sub-grid degree of freedoms (DOFs), the spatial 

reconstruction stencil utilized by MCV3-BGS scheme is limited within three neighboring 

cells in one-dimensional case, which is compact and suited for the grids with complex 

structures. The oscillation-less MCV3-BGS atmospheric model has been verified by the 

widely used standard benchmark tests in this study and is promising to construct the 

practical regional and global models. 

Key word: MCV scheme, BGS limiter, Nonhydrostaic atmospheric dynamic core, Terrain 

following coordinate 
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Semi-Lagrangian Reconstruction Techniques for
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Abstract. Long time scales in climate simulations, e.g., in simulations of pa-
leo climate, require coarse grids due to computational constraints. Coarse grids,
however, leave important smaller scales unresolved. Thus small scale processes that
signi�cantly in�uence the resolved scales need to be taken care of by di�erent means.
Such subgrid processes include (slowly) moving land-sea interfaces or ice shields as
well as �ow over urban areas or biogeochemistry. State-of-the-art dynamical cores
represent the in�uence of subscale processes typically via subscale parametrizations
and often employ a rather heuristic coupling of scales.
We aim to improve the mathematical consistency of the upscaling process that

transfers information from the subgrid to the coarse prognostic and diagnostic quan-
tities (and vice-versa). We investigate new bottom-up techniques for advection-
dominated problems whose main motivation are climate simulations [3]. Our tools
are based on ideas for multiscale �nite element methods for elliptic problems that
play a role, in oil reservoir modeling and porous media in general [1, 2]. These ideas,
however, fail in advection-dominated scenarios (which are typical for �ows encoun-
tered in climate models) since they are not based on a suitable decomposition of the
computational domain.
We present new Garlerkin based ideas to account for the typical di�culties in

climate simulations. Our idea is based on a previous work that employs a change of
coordinates based on a coarse grid characteristic transform induced by the advection
term to make its e�ect on coarse scales milder. This also accounts for appropriate
subgrid boundary conditions for the multiscale basis functions. Boundary conditions
are essential for such approaches. This is the starting point of a set of semi-Lagrangian
techniques that locally in time reconstruct subgrid variability in a Galerkin basis
through many local inverse problems. We discuss extensions and drawbacks of this
approach and present examples with rapidly varying coe�cients on several scales.

References

[1] Yalchin Efendiev and Thomas Y Hou. Multiscale �nite element methods: theory and applica-

tions, volume 4. Springer Science & Business Media, 2009.

[2] Ivan G Graham, Thomas Y Hou, Omar Lakkis, and Robert Scheichl. Numerical analysis of

multiscale problems, volume 83. Springer Science & Business Media, 2012.

[3] Peter H Lauritzen, Christiane Jablonowski, Mark A Taylor, and Ramachandran D Nair. Nu-

merical techniques for global atmospheric models, volume 80. Springer Science & Business
Media, 2011.

∗konrad.simon@uni-hamburg.de



The HEVI approach with an IMEX-RK Discontinuous Galerkin solver

Michael Baldauf
Deutscher Wetterdienst

For the numerical solution of the Euler or Navier-Stokes equations the computational fluid dynam-
ics community nowadays quite often uses the Discontinuous Galerkin (DG) method. With a certain
retardation this method is more and more inspected for its applicability in simulation models for
numerical weather and climate prediction, too, and examples of successful implementations arise
in several institutions worldwide (at NPS, at NCAR, ...). Due to quite anisotropic grids with very
flat grid cells near the lower boundary, an implicit time integration method is needed for a stable
integration with reasonably large time steps. The HEVI (horizontally explicit - vertically implicit)
approach might be a good compromise in the combination of the well understood explicit RK-DG
methods and the vertically implicit direct solvers.

In the presentation the HEVI approach for low order polynomial bases in DG in combination with
IMEX-Runge-Kutta time integration schemes will be discussed. The need for a stabilization of
the Euler equations is demonstrated by the use of a reduced base for the source term to maintain
near hydrostatic balance. Some first results with idealized test cases will be shown. Furthermore,
a path for a possible future implementation into the global weather prediction and climate model
system ICON (a joint development of the Max Planck Institute for Meteorology and the Deutscher
Wetterdienst) will be sketched.
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When a time-dependent partial differential equations (PDEs) is numerically solved with curved
boundary or on curved surfaces, not only discretization error, but also mesh error due to inac-
curate location of grid points on the boundaries of the surface contribute to the inaccuracy and
instability of the numerical solution of PDEs [1]. However, the role of mesh error to deteriorate
the stability and especially the conservational properties, which is the unique phenomenon to
the non-Euclidean domain, is largely unknown. Inevitably, very fine meshes should be used
to get rid of mesh error. This study aims to investigate the effect of mesh error by using a
high-order mesh with negligible mesh error even for high p. To achieve this goal, the high-order
mesh generator from CAD geometry named NekMesh is adapted for surface mesh generation in
comparison to the computation with non-negligible mesh error for two kinds of numerical tests
on four diffusion operators and four time-dependent PDEs to investigate the impact of mesh
error on the stability, accuracy and conservational properties of numerical schemes [2].

(a) Mesh error of Nekmesh (b) Energy conservation error
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Abstract 

A family of reversible staggering schemes was proposed by McGregor (2005a), well-suited 
to models formulated on cubed-sphere grids. The schemes have excellent dispersion 
properties for geostrophic adjustment and are a fundamental feature of the Conformal 
Cubic Atmospheric Model (CCAM, 2005b). CCAM is a semi-implicit and semi-Lagrangian 
model, holding all variables on the non-staggered A grid. The wind components are 
reversibly transformed to staggered C positions for the semi-implicit calculations. Close 
inspection of idealized flows has revealed some spurious vertical velocities near the eight 
vertices of the cubed-sphere. This talk discusses some refinements of the reversible 
staggering scheme that effectively avoid the undesired behaviour. 
 
Quite recently, another version of CCAM has been developed on the equal-area Uniform 
Jacobian (UJ) grid. A flux-conserving split-explicit version has also been developed on the 
UJ grid. The behaviour of the three CCAM versions will be compared. 
 
Both semi-Lagrangian versions of CCAM incorporate the Miller-White (1984) non-
hydrostatic treatment. The behaviour of both versions will be shown for a) the test case of 
a cold bubble, and b) flow over a ridge for a reduced-radius sphere. 
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ABSTRACT

In earth system models (ESM) sub-components such as atmosphere, ocean, terrestrial and
cryosphere systems are coupled with each other at their boundaries through couplers. The
main function of a coupler is to interpolate the coupling fields and provide input to the sub-
components. However, still it is unclear if this coupling strategy provides best framework for
coupling climate models.

In this study, we investigate the influence of two different coupling strategies by means of a
simplified one-dimensional model set-up proposed by Stefan (Stefan,1891). The Stefan Problem
is a prototypical 1D model to show melting of polar ice caps and freezing of water due to
the transfer of heat fluxes between ocean and ice. Here we compare our solution of coupling
strategies to the analytical solution for the Stefan problem allowing for a rigorous analysis.

We consider Gills (1997) loose coupling algorithim as our first coupling strategie to couple the
solid and liquid interface. Moreover, we use an explicit and implicit algorithm in which each
half of the domain is solved separately with boundary conditions exchanging the information
from the other domain. In these procedures, at the interface, computation of solid domain
uses Dirichlet data obtained from the solution of the liquid domain, while the computation of
liquid domain uses Neumann data obtained from the solution of the solid domain. As our second
coupling stratagie, we employ explicit higher order derivatives to compute fluxes at the interface.
This method is referred as tight coupling. These approximations use a five-point stencil in 1D.

Our results show that the solution with tight coupling looks closest to the analytical solution
when compared to loose coupling algorithms. This may be due to the exchange of information on
a large overlap. Our results need further analysis but indicate that different coupling strategies
lead to artificial specific error in the solution.
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Challenges and prospects for dynamical cores of oceanic models
across all scales

Florian Lemarié∗
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ABSTRACT

This poster outlines an initiative to bring together the world-wide leading researchers actively
contributing to the development of oceanic model dynamical cores irrespective of target ap-
plications (regional, coastal, or global). The first community for the numerical modeling of
the global, regional and coastal ocean (COMMODORE) workshop (https://commodore2018.
sciencesconf.org/) has been organized in Paris in September 2018 [1]. In total, the par-
ticipants represented 15 oceanic dynamical cores among the most widely used by the research
and operational community. The present poster summarizes the challenges and prospects for
oceanic numerical cores across all scales discussed during the workshop. In particular, identi-
fied challenges to be addressed include strategies for multi-resolution, energy consistency and
resolved/unresolved scales coupling, the design of vertical coordinates and their link with spu-
rious numerical mixing, the inclusion of non-hydrostatic pressure contribution within existing
primitive equations models, and the proper treatment of wetting and drying.
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Topography based local re�nement in spherical Voronoi grids

Luan da Fonseca Santos∗, Pedro da Silva Peixoto
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Abstract

Geodesic grids have become popular in modern global atmospheric models due to the quasi-
uniform distribution of the computational cells, adequate for modern parallel computers. Starting
from a regular icosahedron, it is possible to generate quasi-uniform global grids formed of near-
regular triangles or hexagons and pentagons, de�ned through a Delaunay-Triangulation Voronoi-
Tesselation duality. These quasi-uniform grids are suitable for global simulations. However, for
weather forecasting in regions of high topography gradients, locally re�ned grids are required to
capture the �ne structure dynamics. In this study, we investigated global quasi-uniform Voronoi
grids that allow locally re�ned areas with smooth transitions from regions of interest. We studied the
properties and possibilities of building locally re�ned grids based on Centroidal Voronoi Tessellation
algorithms. Interpolation techniques and topography smoothing methods were investigated to obtain
grids with good quality measures. As a result, and aiming for better weather forecasting in Brazil, we
developed locally re�ned grids that capture the sharp topography of the Andean Mountains, smoothly
transitioning to a regional grid for South America, which is again smoothly transitioned to a coarser
global grid.

Keywords� Sphere discretization, local grid re�nement, icosahedral grid, weather forecasting, global atmo-
sphere dynamics modelling.



A Cubed Sphere model for wave propagation on long
physical time problems

M. Brachet∗†, C. Eldred∗, L. Debreu∗, J.-P. Croisille‡

January 28, 2019

In this contribution we will show recent progress obtained with the HCCS scheme (Hermitian
Compact Cubed Sphere). This scheme operates discrete differentatiation along great circles to
approximate differential operators on the sphere.

Recently this scheme has been evaluated on a new test suite suggested by Shamir and Paldor.
This test suite considers quasianalytic solutions of the Shallow Water equation on the full sphere.
These solutions are deduced from a mathematical analysis related to the one by Matsuno. The
goal of the test suite is to assess the accuracy on long physical times of dynamical core models for
propagation problems on the sphere. In particular, dissipation and dispersion are analyzed .

Our Cubed Sphere model is typically able to accurately propagate a Rossby wave for 1300
days in the barotropic regime on a Cubed Sphere grid with an equatorial resolution of 1 degree.
The dispersive error at final time is close to 2%. Moreover, the dissipation error is good even if a
dissipative filter in included in the scheme.

Another topic recently investigated is the time stepping of advection problems using an expo-
nential integrator based on Krylov subspace methods. The new scheme is unconditionnally stable.
An analysis of the new scheme in the context of the HCSS scheme is performed. As expected the
new scheme permits large time steps compared to the RK4 time scheme. The balance between
the additional cost due to the exponential scheme and the gain in time iterations will be shown.
This study with the exponential integrator on the advection equation is a first step in the use of
exponential integrator for nonlinear PDE.
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Semi-Lagrangian tracer transport in the E3SM atmospheric dycore

O. Guba∗, P. Bosler∗, A. Bradley∗, M. Taylor∗, J.-C. Golaz†

We develop and integrate a semi-Lagrangian transport scheme for the HOMME atmospheric dynamical core. The
implementation is based on a classical interpolation-based semi-Lagrangian scheme and achieves CFL numbers as high
as 3. It reduces computational time of the standalone dycore by 50% or more, depending on architecture and number
of tracers. For shape preservation, conservation and consistency, we apply a new algorithm, QLT. QLT uses one
round of communication equivalent to all-to-all reduction. A tree over the mesh organizes mass redistribution. Mass
redistribution to preserve shape and tracer consistency is quasi-local; it occurs as close to the tree leaves as possible.
The mass adjustment to conserve global mass must still be global.

For performance, we verify the new transport scheme in standalone idealized HOMME with benchmark simulations
for 110 km and 13 km resolutions at scale on NERSC clusters. The simulations include 5462-node runs on Edison (Ivy
Bridge architecture) and 3072-node runs on Cori (KNL architecture). The standalone dycore achieves performance
gains of up to a factor 3 for 40 tracers.

As a part of a larger effort to develop a climate model suitable for exascale arcitectures, the semi-Lagrangian
transport scheme is integrated into Energy Exascale Earth System Model (E3SM). To exploit computational efficiencies
of the method and to verify it for climate simulations, we run E3SM simulations with active atmosphere, land and ice
components with prescribed SSTs and sea ice extent. Comparisons of the default (Eulerian) transport scheme and the
semi-Lagrangian transport scheme show significantly improved performance and nearly equivalent 5-year climatologies.
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Figure 1: Strong scaling at large scale on NERSC platforms for benchmarks for (a) 110 km resolution and (b) 13 km
resolution. Data are plotted in terms of Simulated Years Per wall-clock Day of compute time (SYPD). Runs with
Eulerian transport are marked as HOMME, runs with semi-Lagrangian transport are marked as HOMME-SL.
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Downscaling data assimilation techniques applied

to low Froude number shallow water flows

Stefan Vater1, Edriss Titi2 and Rupert Klein1

1Freie Universität Berlin, Germany
2Texas University, USA

Abstract

In recent years, Titi and coworkers have presented theoretical results
for special classes of downscaling data assimilation techniques applied to
dissipative dynamical systems, in particular the incompressible Navier-
Stokes equations. Under certain conditions, these algorithms can be
shown to converge exponentially in time. Here we aim to assess these
algorithms for practical situations. In a first step, the data assimilation
is combined with a finite volume projection method applied to the zero
Froude number shallow water equations (lake equations) with dissipation.
The downscaling algorithms are either based on spatial nudging or on the
classical technique of inserting new observational data directly into the
discrete solution. We relate the numerical results to theory. Further, we
investigate how the results hold for shallow water flows with small, but
non-zero Froude numbers, which corresponds to the weakly-compressible
flow regime of atmospheric flows.
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Abstract 

 In the past two years, we have nested NCEP RSM (Regional Spectral Model) 

into our CWBGFS (Central Weather Bureau Global Forecast System) with MPMD 

(Multi-Program Multi-Data) to do dynamic downscaling. When we try to use higher 

resolution setting, we found that the noises caused by the Gibbs phenomenon after the 

Fourier transform become clearer and make the precipitation field look artificial.  

To deal with this problem, we apply NDSL (Non-iteration Dimensional-split 

Semi-Lagrangian) on the tracers’ advection equations. This NDSL scheme is first 

proposed by Juang (2007, 2008) and it has the advantages to avoid initial guess error 

and save the time of iteration. With this NDSL scheme applied in RSM’s tracer fields, 

the noises were clearly reduced and the distribution of the tracers looks more realistic. 

Also, we notice that the simulated track of Typhoon Talim (2017) is a little bit better 

in the case with NDSL than the one with the original Eulerian spectral model. Though 

we have only finished one case study, but this better result indicates that more realistic 

tracer field, especially moisture and cloud water, is possibly lead to an improvement 

in other dynamic fields. 

We also want to apply NDSL to all the variables in RSM to enlarge the timestep 

to make our model more efficient. Further results and the ongoing work will be 

presented. 
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Comparison of the advection errors in two kinds of terrain-following coordinates using the idealized 

advection experiments 
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The basic terrain-following coordinate (BTF coordinate) are widely used in numerical models and the 

orthogonal terrain-following coordinate (OTF coordinate) are proposed to create the orthogonal and 

terrain-following vertical grids over orography. The reduction of advection errors by the OTF coordinate 

compared to the BTF coordinate are validated by the idealized advection experiments using horizontal 

velocity fields. In contrast, here, idealized advection experiments using terrain-following velocity fields 

are carried out to further compare the advection errors in BTF and OTF coordinates. In addition, three 

kinds of idealized orography are used, which are the wavelike terrain, linear terrain, and arch terrain. The 

experimental results show that skewness is the primary index, on reducing the advection errors among 

the criteria of grid quality. Moreover, the angle between the velocity and the vertical layers (𝜃) has 

smaller effect than the grid quality on reducing the advection errors. The variation of the advection 

errors in the OTF coordinate consistently decrease and then increase according to the increasing 𝜃 

regardless of the terrain slope. However, the time-step restrictions at the peak of the terrain and the lack 

of resolution in valleys appear to be the most serious flaws in OTF coordinate which may be tackled by 

the unstructured reduced OTF grid. 
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Michel Bänsch
Adaptive volcanic modelling using
Discontinuous Galerkin Methods Universität Hamburg

Abstract

Since the Eyjafjallajökull eruption in 2010, the volcanic modelling community has been focused on

improving the prediction of ash dispersion and simulation of eruptive columns.

While many new and powerful numerical methods have been developed for Computational Fluid

Dynamics (CFD) and Atmospheric Modelling, very few have been integrated into models for vol-

canic eruptions.

Conventional plume models usually lack high spatial resolution if the distance to the volcanic vent

is large and (mostly) cannot represent shocks. Both of these problems are to be dealt with by

using new CFD techniques.

In contrast to algorithms which are currently available in the volcanic modelling community, this

work focuses on implementing different spatial discretization methods - Discontinuous Galerkin

Methods (DGM) instead of Finite Volume Methods or Finite Difference Methods - while also us-

ing Adaptive Mesh Refining (AMR) techniques.

This combination eliminates both resolution problems (due to AMR) and the lack of shock cap-

turing (due to DGM).

Gas dynamics are described by either using the Euler or Navier-Stokes Equations while the AMR

utilizes h-adaptivity with a suitable error estimation.

Time-integration is either performed with strong stability preserving (explicit) Runge-Kutta (SSPRK)

methods or implicit timestepping schemes such as Rosenbrock-Wanner methods.

I will present results that show the ability to capture shocks with DGM and present challenges

that arise with both CFD and AMR approaches in volcanic modelling.

Library used for AMR: AMATOS (see Behrens et al., 2005)
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PFASST: Exploiting time-parallelism with a multi-level spectral
deferred corrections scheme for the shallow water equations on the

rotating sphere

François P. Hamon∗, Martin Schreiber†, Michael L. Minion‡

Climate and weather simulations face new challenges of stagnating per-core performance and trends
towards increasing parallelism for current and future high-performance computing architectures. Overcoming
time step restrictions by exploiting additional degrees of parallelism reveals new ways to obtain results of
higher accuracy within a reduced wall clock time.

Here, we propose a high-order, implicit–explicit numerical scheme combining Spectral Deferred Correc-
tions (SDC) in time with a Multi-Level (ML) scheme in space using the Spherical Harmonics (SH), resulting
in MLSDC-SH. Here, we study the wave-propagation problems arising from the non-linear shallow-water
equations on the rotating sphere. This is based on two major components: (1) The iterative temporal in-
tegration with corrections (SDC) and (2) the coupled space–time level corrections (ML). Here, the coarse
spatial resolution allows larger time step sizes with the global spectral representation with SH providing a
canonical basis for restriction and prolongation operations to/from coarse/fine grids. Additionally, we can ex-
ploit a speculative solution over multiple time steps, based on coarser resolutions, with the solution improved
iteratively over time using finer resolutions, eventually leading to the PFASST algorithm.

First, we conduct studies with non-linear shallow-water test cases of increasing complexity, allowing to
perform studies on the impact of accuracy of the ML errors of MLSDC-SH. Studies for theoretical speedups
with MLSDC-SH as well as wall clock time studies will be presented. Second, the gains in additional accuracy
and wallclock time improvements for PFASST will be discussed. To our best knowledge, these PFASST studies
are the first parallel-in-time execution scheme(s) based an iterative multi-level approach which resulted in
gains in accuracy and wallclock-time-for-error for test cases from the “Williamson” benchmark suite. This
motivates further exploitation of this scheme for existing dynamical cores for climate and weather simulations
which are based on global spectral methods, such as ECMWF’s IFS, by overcoming their current scalability
limitations.

∗Department of Energy Resources Engineering 367 Panama St, Stanford, CA, USA
†Chair of Computer Architecture and Parallel Systems, Technical University of Munich, Germany
‡Center for Computational Sciences and Engineering, Lawrence Berkeley National Laboratory, Berkeley, USA
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Atmospheric tracer transport in the ECMWF model using

multiple grids

M. Diamantakis, W. Deconinck, C. Kühnlein, A. Agusti-Panareda

Abstract

One of the main challenges that numerical weather prediction centres face, is to adapt their
operational codes and underlying numerical methods to run and scale efficiently on modern
supercomputer platforms which are often based on diverse and heterogenous architectures.
Inevitably, this implies that intrusive code refactoring is required and therefore investing in
infrastructure developments that enhance the flexibility of software developments becomes
essential. In ECMWF this effort is centred around the Atlas software framework [1].

One of the features that Atlas supports is “on demand” generation of different meshes of
arbitrary resolution and field remapping between these. Exploiting this feature, IFS capability
has been extended to perform “multiple grid/resolution” tracer transport using either semi-
Lagrangian advection or conservative Finite Volume advection based on the Multidimensional
Positive Definite Transport Algorithm [3]. The advection process is forced by model winds
which are computed from the high resolution driving model. Atlas field remapping, allows
to compute the tracer advection at a much lower resolution grid and at a substantially lower
cost. With this approach, the high resolution wind information is retained but downscaled
at lower resolution. The ultimate goal is to extend this approach so that computationally
expensive processes such as radiation and chemistry can run on a low resolution grid retaining
the benefits of high resolution “meteorological forcing”.

We will briefly review the current methodology in tracer transport focusing on case studies
from the Copernicus Atmosphere Monitoring Service (CAMS) of ECMWF. This is based on
semi-Lagrangian transport enhanced by mass fixers [2]. Earlier investigations showed that
this approach works well for long lived, well mixed greenhouse gases but has weaknessess
when applied to high concentration localised tracers such as dust or reactive species where
local mass conservation is important.

Atlas provides the technical infrastructure for coupling different transport schemes to the
IFS dynamical core. However, there are additional difficulties to overcome when considering
the coupling between a non-conservative with unconditionally stable time-stepping dynamical
core with a conservative CFL limited transport scheme, each obeying a continuity equation of
a different form. We will summarise the multiple grid IFS implementation presenting prelim-
inary results from direct comparisons between conservative and non-conservative advection
schemes demonstrating that the multiple-grid approach is not only a method to offset high
computational costs, but also a framework that enables combining and testing, under a uni-
fied code base, elements of different dynamical cores which are currently operating or being
developed in ECMWF.

References

[1] W. Deconinck, P. Bauer, M. Diamantakis, M. Hamrud, C. Kühnlein, P. Maciel, G. Men-
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Y. Chen, K. Simon and J. Behrens PDEs on the sphere

Integrating adaptive tracer transport module
into existing atmospheric model ECHAM6

Yumeng Chen∗ Konrad Simon and Jörn Behrens
Center for Earth System Research and Sustainability, University of Hamburg, Grindelberg 5,

20144 Hamburg, Germany

Abstract: Integrating Adaptive Mesh Refinement (AMR) into climate mod-
els is problematic partially because several components have difficulty in ac-
commodating the adaptive grids. However, on coarse resolutions, errors from
each component of climate models contribute to the overall errors of the model
output. Using AMR in single components should reduce the overall model
error. On the other hand, we can use AMR in existing climate models with
significantly reduced development time compared to designing a new model
equipped with AMR. We integrate AMR into the tracer transport module of
the atmospheric model ECHAM6, and run it with realistic dust transport. In
order to achieve this goal, we modified the Flux-Form Semi-Lagrangian trans-
port scheme such that we can use the same scheme on adaptive meshes with
long time stepping. Without integrating a full AMR software into the model,
we also introduce a data structure that can accommodate an adaptive Gaussian
grid. We show our results both on idealized test cases using our AMR transport
scheme and on realistic dust transport using ECHAM6.

∗yumeng.chen@uni-hamburg.de



Evaluating 2D and 3D Adaptive Mesh Refinement (AMR) Techniques with Moisture 
Processes 
 
Christiane Jablonowski and Jared Ferguson, University of Michigan 
Hans Johansen, Lawrence Berkeley National Laboratory 
 
The paper evaluates a cubed-sphere adaptive mesh refinement (AMR) technique that can dynamically 
adapt its grid resolution to atmospheric features of interest, such as strong vortices or rainfall patterns. 
The grid resolutions can thereby range from hundreds of kilometers to just a few kilometers in a single 
simulation. The paper reviews the design of the high-order, finite-volume, multi-block AMR framework 
which can solve both the 2D shallow water and 3D nonhydrostatic equation sets on the sphere. The 
framework is built upon the AMR library Chombo which has been designed at the Lawrence Berkeley 
National Laboratory. The ‘cubed sphere’ grid serves as the base computational grid for the atmospheric 
AMR applications. 

Idealized 2D and 3D test cases are used to illustrate the variable- and high-resolution characteristics of the 
dynamically adaptive atmospheric model. Both the 2D and 3D configurations include simplified physical 
parameterization suites. The moisture interactions provide nonlinear forcing effects which challenge the 
AMR technique and the scale dependencies in the moist atmospheric model. The dynamical core test 
cases include a 2D moist barotropic wave and tropical cyclone, as well as selected examples from the 
Dynamical Core Model Intercomparison Project (DCMIP) and a 3D colliding-modons  test case. The 
results suggest that AMR dynamical cores have the potential to serve as the basis for future-generation 
weather and climate models. They allow the flow-dependent generation of high-resolution domains while 
limiting the overall computational workload. 
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Figure: AMR model in the moist shallow water configuration: Cloud water mixing ratio (colored) after 
six simulation days with the moist barotropic wave test case. Relative vorticity is used to guide the 
refinement regions. 



EVALUATING THE PHYSICS AT A LOWER RESOLUTION IN
CAM-SE-CSLAM

ADAM R. HERRINGTON1, PETER H. LAURITZEN2, and KEVIN A. REED1

1School of Marine and Atmospheric Sciences, Stony Brook University, Stony Brook, NY
2National Center for Atmospheric Research, Boulder, Colorado, USA

Abstract

The effects of using a separate grid for evaluating physical parameterizations (a ‘physics
grid’) in global atmospheric models has long been discussed. While very few modeling
studies have had the capability to experiment with a separate physics grid, here the
implementation of a coarser resolution physics grid into CAM-SE-CSLAM is described.
The results of experiments using the lower resolution physics grid are compared to the
conventional method in which the physics grid and dynamical core grid coincide. Through
dividing the elements of CAM-SE-CSLAM into 2 × 2 control volumes, each volume has
the same smoothness property and eliminates grid imprinting, even in regions with steep
topography. The impact of the coarser resolution physics grid on the resolved scales
of motion is analyzed across a range of dynamical core grid resolutions. The results
demonstrate that the effective resolution of the model is not degraded through the use of a
coarser resolution physics grid. Since the physics makes up about half the computational
cost of the conventional CAM-SE-CSLAM configuration, the coarser physics grid may
allow for significant cost savings with little downside.



Moisture-Dynamics Coupling for a Compatible Finite Element
Dynamical Core

Thomas Bendall, Jemma Shipton and Colin Cotter
Department of Mathematics, Imperial College London

To facilitate the use of a quasi-uniform grid over the sphere, the UK Met Of-
fice is developing a dynamical core using a compatible finite element discreti-
sation. This dramatic change to the dynamics raises significant questions
for the coupling of the dynamical core to the parametrisations of sub-grid
physical processes. We will focus here on moisture parametrisation.

After outlining and motivating the compatible finite element approach, we
will present a compatible finite element discretisation solving the moist com-
pressible Euler equations and demonstrate its use upon some common test
cases. A key component of this will be the introduction of a new ‘recovered’
advection scheme, which is used with the lowest-order family of compatible
finite element spaces and has the desired property of second-order numer-
ical accuracy. This property is attained by ‘recovering’ the representation
of the field into a higher-order finite element space before performing the
advection. We will also explore implications of new dynamical core for the
coupling of the model, including the expression of functions of two variables
in different finite element spaces.
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Multi-fluid Parameterisation of Convection
Hilary Weller, Will McIntyre and Dan Shipley

Meteorology, University of Reading

Convection parameterisations traditionally assume that there is no net mass
transport between grid columns due to convection. Therefore convection pa-
rameterisations lead to source terms in the temperature, moisture and momen-
tum equations but not the continuity equation. If convection schemes provided
source terms to the continuity equation, the model would become unstable due
to explicit treatment of acoustic and gravity waves.

This talk will describe how conditional filtering can be used to derive a full
set of multi-fluid equations which will allow sub-grid scale convection in one
fluid and stable air in another. This equation set includes interactions between
convection and the continuity equation. A semi-implicit solution technique is
presented which includes interactions of both fluids with the continuity equation
and which is therefore stable.
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Exponential Integrators for Numerical Weather Prediction: Analysis and Applications 

Khadija Khorchani and Jean Côté* 

Earth and Atmospheric Sciences Dept and ESCER Center, UQAM 

We are studying the exponential time integration approach also known as Exponential Time 

Differencing (ETD). This approach has been introduced for quite some time to solve systems of rigid 

differential equations (stiff systems), but its use has remained very limited because of the complexity 

of the calculation of the exponential of an operator. Recently, with the evolution of computing 

systems, these integrators have become the field of study for several researchers because they seem to 

be more advantageous than the classical methods currently used. Here we are interested in exponential 

integrators for weather forecasting. Existing explicit exponential integrators are explored, and 

numerical tests are done on simple problems in order to compare the different methods. The selected 

methods, Runge-Kutta-type ETDs of precision order three and four, are then applied to a one-

dimensional Shallow-Water model. The results obtained show that these integrators give better 

accuracy than a conventional implicit method now used in atmospheric models. 

Key words: time integrators; stiff systems; Numerical Weather Prediction; 1D Shallow-Water; ETD 

Runge-Kutta. 



Application of Exponential Time Integration Methods in

Numerical Weather Prediction Models

Stéphane Gaudreault
Environment and Climate Change Canada (Canada)

stephane.gaudreault2@canada.ca

Abstract

A new dynamical core suitable for numerical weather prediction over a wide range of length scales is

under development at Environment and Climate Change Canada. As it is well-known, the sti�ness

due to the presence of rapidly propagating waves in the atmosphere renders traditional explicit

methods impractical. The aim of our research is to explore an emerging class of exponential integra-

tion methods. These schemes have seen limited use in geophysical �uid dynamics due to e�ciency

issues. In order to circumvent some of these limitations, we recently introduced a new algorithm

KIOPS for computing linear combinations of phi-functions that appear in exponential integrators.

Theoretical analysis of the method and numerical simulations in a number of experimental frame-

works demonstrates that KIOPS outperforms the current state-of-the-art adaptive Krylov algorithm

PHIPM.

Keywords
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Semi-Lagrangian Exponential Integration with application to the rotating
shallow water equations

PEDRO S. PEIXOTO∗ AND MARTIN SCHREIBER†

Abstract. In this talk we show a novel way to integrate time-evolving partial differential equa-
tions that contain nonlinear advection and stiff linear operators, combining exponential integration
techniques and semi-Lagrangian methods. The general method formulation is built from the solu-
tion of an integration factor problem with respect to the problem written with a material derivative,
so that the exponential integration scheme naturally incorporates the nonlinear advection. Semi-
Lagrangian techniques are used to treat the dependence of the exponential integrator on the flow
trajectories. The formulation is general, as many exponential integration techniques could be com-
bined with different semi-Lagrangian methods. This formulation allows an accurate solution of the
linear stiff operator, property inherited by the exponential integration technique, as well as providing
accurate representation of the nonlinear advection even with large timestep sizes, property inherited
by the use of a semi-Lagrangian method. Aiming for application in weather and climate modelling,
we discuss possible combinations of well established exponential integration techniques and state-of-
the-art semi-Lagrangian methods used operationally in the application. We show experiments for
the rotating shallow water equations, for which results indicate, from one side, that traditional expo-
nential integration techniques could benefit from this formulation to ensure stabler integration with
larger timestep sizes and, and from the application perspective that already use semi-Lagrangian
methods, that the exponential treatment could improve the solution of wave-dispersion.

Key words. Exponential integrator, semi-Lagrangian, rotating shallow water equations, weather
and climate modelling.

AMS subject classifications. 65M99, 65N99, 76B60, 76U05

∗Instituto de Matemática e Estat́ıstica, Universidade de São Paulo, Brazil (pedrosp@ime.usp.br,
http://www.ime.usp.br/∼pedrosp).
†Technical University of Munich (martin.schreiber@tum.de, http://www.martin-schreiber.info).
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Investigation of the exponential time integration schemes for meteorological models

J. Pudykiewicz
RPN, Environment and Climate Change Canada

Exponential integration methods have been proposed and studied in the past as an alternative to
traditional time stepping techniques. The main motivation for this research was a desire to represent correctly
the entire spectrum of waves propagating in the atmosphere.

The detailed study of an exponential scheme was carried out with the icosahedral shallow water model.
The essence of the method used in this work is a dynamic linearization of the equations with respect to
the continuously changing state of the system and the subsequent exact analytic solution of the linear part.
The exponential functions of the Jacobian of the shallow water system are evaluated using the algorithm of
Niesen and Wright with the optional modifications to increase the efficiency of the calculations.

The results obtained with the shallow water equations, published in three papers, showed that the
approach is promising as it allows for longer time steps as well as yields a higher accuracy of the solutions
than traditional algorithms. The same conclusions were obtained with the thermal shallow water equations.
The summary of the results will be outlined in the first part of the talk.

The remaining question is whether or not the exponential scheme is equally applicable for the integration
of compressible Euler equations. In the second part of the talk, a detailed analysis of the results obtained
with an elastic system will be presented. The paramount result of these integrations is that the exponential
scheme allows the simulation of both gravity and sound waves with very large wave Courant numbers. The
algorithm applied to compressible equations requires, however, slightly different approaches to optimizing
calculations than those used in the shallow water model. The corresponding estimates of the execution times
will conclude the talk.
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Fourth order multirate infinitesimal methods and

its application to numerical weather prediction

Tobias Bauer, Oswald Knoth

Leibniz Institute for Tropospheric Research (Germany)

tobias.bauer@tropos.de

Abstract

Efficient time integration methods for numerical weather prediction or
coupled atmosphere and ocean models are the key to reduce the amount
of required computing resources. Splitting of model equations into var-
ious components gives the opportunity to apply different time steps for
individual components. The multirate infinitesimal step method (MIS)
was developed as a generalization of split-explicit Runge-Kutta methods,
where the integration of the fast part is conducted analytically, see [1, 2].
The MIS method was originally evolved for applications related to nu-
merical weather prediction, i.e. the integration of the compressible Euler
equation. These methods have been developed and investigated for up to
order three.
In this work, an extension to MIS methods will be presented where an
arbitrary Runge-Kutta method (RK) is applied for the integration of the
fast component. Furthermore, a method of 4th-order is developed and
presented as well as illustrated with numerical examples. The stability
concept for the linear acoustic problem has been utilized as a linear rep-
resentative example for the compressible Euler equation. The cold bubble
downburst benchmark example is used for the numerical validation of the
error convergence behavior. Additionally, we will show how these methods
can be applied to a one-dimensional atmosphere-ocean model.

Keywords: multirate infinitesimal step method; fourth order convergence; nu-
merical weather prediction
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Title: Efficient IMEX Runge-Kutta integrators for the HOMME-NH dycore

Author: Andrew Steyer (Sandia National Laboratories)

HOMME-NH is a nonhydrostatic dycore for the E3SM earth system model designed for running on next gen-
eration exascale computers at convection permitting resolutions. Like many nonhydrostatic models, HOMME-
NH supports vertically propagating acoustic waves that travel much faster than the advective flow. As a result
the governing equations are numerically stiff and standard explicit time-integration methods are inefficient. The
formulation of HOMME-NH leads to a natural operator splitting of the governing equations into a stiff com-
ponent consisting of terms responsible for vertical acoustic wave propagation and a nonstiff hydrostatic term.
In this talk, we present the IMKG2-3 families of implicit-explicit (IMEX) RK methods for time-integration of
nonhydrostatic models. We discuss an efficient implementation of IMEX methods with our operator splitting
that requires no parallel communication and only tridiagonal linear solves during Newton steps. The efficiency
of the IMKG2-3 methods is shown to be superior in HOMME-NH to other IMEX RK methods found in the
literature.
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GENERALISED PERTURBATION EQUATIONS FOR ALL-SCALE
ATMOSPHERIC DYNAMICS

Piotr K. Smolarkiewicz*¹, Christian Kühnlein¹ and Nils P. Wedi¹
1 European Centre for Medium-Range Weather Forecasts, Reading, RG2 9AX, UK;

smolar@ecmwf.int

An important  characteristic  of the atmospheric  dynamics  is  that  it  constitutes  a  relatively
small perturbation about dominant hydrostatic and geostrophic balances established in effect
of the Earth gravity, rotation, the stably-stratified thermal structure of its atmosphere and the
incoming  flux  of  solar  energy.  Given  this  specificity,  it  is  compelling  to  formulate  the
governing  PDEs  in  terms  of  perturbation  variables  defined  with  respect  to  an  arbitrary
solution of the governing equations, viz. an ambient state. This definition allows a hierarchy
of ambient states, from a fully developed transient flow to slowly evolving climate, idealised
geostrophic equilibria  as well  as common single hydrostatic  profiles.  The role of ambient
states is to enhance the efficacy of numerical  solutions–e.g.  by simplifying the initial  and
boundary conditions and/or improving the conditioning of elliptic boundary value problems–
without resorting to any linearisations or other abbreviations of the governing system. 

This  talk  highlights  generalised  perturbation  forms  of  nonhydrostatic  PDEs  that  govern
dynamics of all-scale global atmospheric flows together with their respective semi-implicit
solvers.  There  can  be  many  alternative  perturbation  forms  for  any  given  system  of  the
governing  PDEs,  depending  on the  assumed  ambient  state  about  which  perturbations  are
taken and depending on subjective preferences in the numerical model design. All such forms
are mathematically equivalent, yet they have different implications for the design of effective
numerical  integrators  of  the  governing  PDEs.  Arguments  are  presented  in  favour  of
perturbation  forms  that  enhance  the  efficiency  and  accuracy  of  the  numerical  solution
procedure.  Several  different  options  admitting  4D  complexity  of  the  ambient  states  are
implemented  in  the  global  Finite-Volume  Module  (IFS-FVM)  of  ECMWF’s  Integrated
Forecasting  System  [1-3].  Selected  numerical  simulations  of  planetary  flows  verify  the
approach,  illustrating  the  potential  of  the  newly  developed  semi-implicit  integrators  for
numerically  accurate  separation  of  the  selected  background  state  from  finite-amplitude
perturbations of the global atmosphere. Moreover, possibilities of using approximate ambient
states that do not satisfy exactly the governing equations are discussed.
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3D reference profile in GRAPES_GFS dynamics 

SU Yong, Zhang Hongliang, SHEN Xueshun 

National Meteorological Center, Beijing, 100081, China 

 

Abstract 

The selection of reference profile is critical to the accuracy of the 

semi-implicit semi-Lagrangian model’s dynamic core. The GRAPES_GFS(Global 

Regional Assimilation and PrEdiction System, Global Forecast System) developed by 

the Numerical Prediction Center of China Meteorological Administration is based on 

the one dimension reference profile, this kind of method is simple and easy to realize, 

but because of the perturbation of dimensionless pressure and potential temperature 

is very big, it’s reducing the accuracy of spatial computation, at the same time, 

due to the large nonlinear terms, the accuracy of time integration is low. This paper 

takes the major operational center’s method of construction the dynamic core in 

recent years as a reference, introduced a three dimension reference profile which 

does not change with time and satisfies the hydrostatic balance into the dynamic 

core of GRAPES_GFS, So that the reference atmosphere can be as close as possible 

to the model atmosphere, it’s improving the accuracy of spatial computation and 

decreasing the nonlinear terms, which improve the accuracy of time integration.  

This paper re deduction the process of solving the dynamic equations after 

introduced the three dimension reference profile, through a number of ideal tests 

to verify the correctness of theoretical methods and implementation of the code, 

and shown that the new three dimension reference profile can effectively improve 

the computational accuracy of the dynamic core.  

There will be some discussions focus on the construction of three dimension 

reference profile based on the real data forecast, and finally we decide to use 

climate average field. Then through several months forecast to see the actual 

prediction performance of the new reference profile, and also some result coupled 

the three dimension reference profile with the new predictor-corrector SISL scheme 

of the dynamic core. 

 

Key words GRAPES_GFS, Three dimension reference profile, SISL, Linearization, 

Predictor-corrector SISL scheme 
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GLOBAL SIMULATIONS OF THE SOLAR CONVECTION ZONE 
USING PERTURBED MHD EQUATIONS 
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Solar convection pervades the outer 30 percent of the Sun's radius, also known as the solar 
convection zone (SCZ). It lies at the origin of all solar magnetic activity including the solar 
cycle, sunspot formation, flares and coronal mass ejections. Convection is driven by radiative 
heating at the bottom of the SCZ and by a thin surface boundary layer where radiative cooling 
occurs. To avoid the computational burden of having to resolve the radiative transfer taking 
place in the surface layer, most global simulations of solar convection model the transport of 
energy near the top boundary by a flux proportional to the entropy gradient using a large 
thermal diffusivity. Alternatively, global convection can be driven internally by damping the 
entropy perturbations with respect to a prescribed weakly unstable ambient state. The ambient 
state represents the Sun's interior stratification in a state of global thermal equilibrium and is 
chosen such that it is consistent with helioseismically-calibrated solar structural models. 

In this talk we describe how the perturbation form of the equations governing solar 
magnetohydrodynamic (MHD) convection is obtained from a set of unperturbed MHD 
equations cast in the anelastic approximation. We present solutions from global MHD 
simulations of the SCZ in which a large-scale solar-like magnetic field develops and 
undergoes anti-symmetric polarity reversals about the equator on a decadal time scale [1-2]. 
Moreover, a detailed analysis of the entropy equation is presented that gives insights into the 
mechanism responsible for the magnetic modulation of the convective energy transport inside 
the simulation. 
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Abstract

Implicit large eddy simulations of solar magnetohydrodynamical convection have al-
lowed to reproduce a a number of observed solar behaviors, most notably a regular, large-

scale magnetic polarity reversal cycle taking place with a period much longer than typical
convective turnover times [1,2]. The amazingly large Reynolds and Rayleigh numbers in

the convective interior of the Sun present a formidable challenge and pushes us to minimize
as much as we can the influence of dissipation in our models. The adaptive dissipation in-

troduced by the MPDATA advection algorithm of the EULAG simulation protocole plays
a key role in assuring stability in strongly turbulent regimes, even working on the relatively
coarse spatial meshes required to carry out simulations extending on centennial timescales

[3]. In this talk we present estimates of effective dissipation coefficients obtained by ana-
lyzing spectral decompositions of the conservative anelastic equations solved by EULAG.

The derived dissipation properties are then used in the large-eddy simulation code ASH
and show a very good agreement with the implicit large-eddy simulation of EULAG. The

comparison highlights the strong scale dependence of the numerical dissipation introduced
by MPDATA [4].
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Discretization of generalized Coriolis and friction terms on
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Abstract

The contribution discusses the generalized Coriolis and friction terms on the hexagonal C-grid from
two perspectives: (i) within the linearized discretized momentum equations on an equilateral grid,
and (ii) as nonlinear terms on a distorted mesh.

The discrete linearized momentum equations are formulated using a trivariate coordinate system.
The tendencies of the different forcing terms for each wind component must be linear dependent.
This constraint determines unique discretizations for each term. The linearized vorticity flux term
around a zonal mean current requires only the four rhombus PVs next to an edge. The vector
Laplacian must be formulated with the vorticity on vertices defined as the average of three rhombus
vorticities.

A modified generalized Coriolis term is defined on the deformed mesh. The baroclinic wave test
on the sphere does not reveal any sign of a non-linear Hollingsworth instability, even though it is
demonstrated that the vector invariant form and the advective form of momentum advection are
not equivalent.

Physical constraints determine the shape of the stress tensor. These are invariance to the addition
of solid body rotation and a resulting positive definite dissipation rate. An appropriate stress tensor
formulation does not deliver a Laplacian momentum diffusion in the linear case. On the deformed
mesh, parts of this stress tensor are obtained by a least squares reconstruction of wind gradients.
This approach avoids spurious deformations diagnosed for constant flow in the vicinity of pentagon
cells.

Keywords
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Abstract

The state-of-the-art coupled schemes, fail to retain the formal order of accuracy when
used for nonlinear transport. This problem is fixed by developing a space-time general-
ization of the fourth-order semi-implicit conservative compact schemes in this study. The
scheme is obtained in flux-form by correcting the successive error terms in Taylor series
expansion in time and space. Space-time order of accuracy is successfully maintained for
the solution of nonlinear scalar transport. The scheme is coupled in space and time, conser-
vative in flux-form, semi-implicit in time, and compact due to its tri-diagonal matrix. The
approach includes variable velocities and non-uniform grids on the adapted 1-D coordinate.
For example, vertical grid refinement for oceanic models remains an issue to consider in
particular because it requires very robust numerics to properly integrate vertical advective
terms in a stable way. Traditionally, centered advection schemes are used in the vertical
to avoid excessive numerical mixing. It is shown that the coupled space-time schemes be-
have very well as expected with the increase of spatial and/or temporal resolutions. With
this approach, high-order accuracy is retained for the variable velocity. An important fea-
ture of the scheme is that the high-order solution is obtained in one step in contrast to the
decoupled schemes where the higher-order solutions are obtained in multiple stages (e.g.
RK4). The scheme is very efficient due to the tri-diagonal matrix and stable in the range
of Courant number up to 1 which is the domain of this study. Constancy of the scalar is
preserved through the agreement of the advection and continuity equations or imposed by
the pseudo-density approach. It ensures the consistency of the solution and the order of
accuracy. Furthermore, the stability and efficiency of the matrix inversion associated to the
scheme is studied. For the application of the schemes for larger Courant numbers, there ex-
ist different methods that are being applied for the upcoming studies. A general form of 1D
nonlinear advection along with continuity equation is shown for oceanic vertical transport,
which is very important in the representation of physical processes in the ocean.

Key words: Scalar advection, Nonlinear Transport, Coupled space-time, Compact Padé
schemes, Conservation and constancy preservation, Atmospheric/Oceanic models
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Parallel geometric multigrid solver at the reduced latitude-longitude grid 
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Reduced latitude-longitude grid is considered (Staniforth, Thuburn, 2012) as one of  

possible options for global atmospheric models. Although, the meridians convergence problem is 

less severe for this grid, construction of the scalable and robust elliptic problem solver is still an 

issue. In this work we present geometric multigrid algorithm (Trottenberg, 2000) for the solution 

of 2D elliptic type equations (e.g. Poisson equation, Helmholtz equation) at the reduced latitude-

longitude grid. This method can also be considered as the basis for the implementation of 3D 

elliptic type equations solver. The new algorithm is based on the modification of the regular lat-

lon grid conditional semi-coarsening method (Larsson et al, 2005; Buckeridge, Scheichl, 2010)  

and the use of uniform coarse-grid points distribution along longitude (instead of more common 

cell-centered or vertex-centered treatment). The use of this approach allows to achieve fairly fast 

convergence with the use of local pointwise smoothers, which is an important aspect for the 

parallel implementation of the method. Numerical convergence tests of the proposed algorithm 

show that it is robust with respect to the problem size and grid reduction rate. Preliminary 

scalability results will also be presented. 
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Title : Solving an elliptical problem on a cubic sphere grid 

Authors : Yves Nguéto and Jean Côté

Abstract : Continuous progress in computational science allow us to run numerical weather
prediction model at ever increasing resolution. However, the architecture of the current high-
performance computers requires that the numerical methods be easily parallelizable. In this
study we examine the possibility increasing the parallelizability by generalizing the Yin-Yang
approach  used  operationally  at  the  Canadian  Meteorological  Center  (Environment  and
Climate Change Canada) to the ‘cubic sphere’. Following Qaddouri et al. (2008), we develop
here a 'cubic sphere' grid free of singularity and quasi-uniform grid spacing. As a first step,
we examine the Helmholtz problem on the sphere associated with a semi-implicit or implicit
time-discretization.  The  grid  is  obtained  by  superimposing  six  identical  rectangular
latitude/longitude  panels  for  which  a  local  solution  is  obtained.  The  global  solution  is
obtained  by  stitching  these  local  solutions  with  a  domain  decomposition  method.  The
convergence  is  accelerated  by  allowing  each  domain  to  overlap  with  their  neighboring
domains. We need enough overlap to ensure fast convergence without increasing drastically
the computational cost of each local solve.
The first condition to be met is the convergence of the whole process for one timestep. The
next condition is the requirement of stability. We have proven the first condition. We have
defined a pure gravity-wave problem on the sphere to test the stability.

Key words : Cubic sphere, domain decomposition method, parallelism, Helmholtz problem, 
latitude/longitude panels, overlap, stability
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methods with an overset grid for the Shallow-Water Equations: Preliminary results.
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The operational Global Environmental Multiscale (GEM) model of Environment and Climate Change 

Canada (ECCC) uses an implicit time discretization on tensor-product spatial grids. This gives rise to the 

need to solve a separable 3D elliptic boundary value (EBV) problem at each model time step. The 

extended stability offered by the implicit method permits the use of time steps that are longer than what 

would otherwise be possible with an explicit discretization. As a result, in terms of the total cost of time 

integration within the dynamical core of GEM, the implicit approach is more efficient. As ECCC is 

considering to gradually move towards a height-based vertical coordinate to replace the existing log-

hydrostatic-pressure-type system, and also with the increasing demand for higher spatial resolutions in 

numerical weather prediction (NWP), it is natural to ask whether the 3D EBV solver can be efficiently 

implemented in these contexts so as to preserve the advantage of implicit discretization. 

With height-based vertical coordinate, the metric terms originating from the vertical coordinate 

transformation appear explicitly in the model equations. The resulting problem can be solved by 

combining those terms with the nonlinear terms, allowing the use of a separable 3D EBV approach, as in 

the operational pressure-based GEM model. However, when these metric terms are included in the linear 

part of the discretized system, the problem becomes a non-separable 3D EBV. Such a problem, unlike a 

separable one, cannot be solved using the fast direct solver implemented in the operational GEM model. 

From the stability perspective, the non-separable EBV approach is advantageous, particularly for steep 

orography and high resolution NWP applications with the GEM model.  

The pertinent methodologies, results and the performances of the fast direct solver and an iterative solver 

based on Krylov subspaces for the new height-based GEM dynamical core will be presented in this talk. 
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