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The many scales of solar convection

visible lightUV

Sunspot (~10Mm) , Granulation (~1Mm) 11 year solar cycle (Credit: David Hathaway)

The solar cycle drives all solar activity 
including flares, coronal mass ejections, 

geomagnetic storms, etc. 

Sun (~700Mm) 
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MHD equations

MHD (magnetohydrodynamic) equations are applicable to a collisionnally 
dominated, nonrelativistic and globally neutral plasma obeying Ohm’s law.

1.6. JOULE HEATING 21

1.6 Joule heating

In the presence of finite electrical conductivity, the volumetric heating associated with the
dissipation of electric currents must be included on the RHS of the energy equation, in the
form of the so-called Joule heating function:

φB =
η

µ0
(∇× B)2 , [J m−3s−1] . (1.75)

Note however that in very nearly all astrophysical circumstances, Joule heating makes an in-
significant contribution to the energy budget. When it occurs, heating by magnetic energy
dissipation, such as in flares, involves dynamical mechanisms that lead to effective dissipation
far more rapid and efficient than Joule heating.

1.7 The full set of MHD equations

For the record, we now collect the set of partial differential equations governing the behavior of
magnetized fluids in the MHD limit. In anticipation of developments to follow, we write these
equations in a frame of reference rotating with angular velocity ΩΩΩΩ, with the centrifugal force
absorbed within the pressure gradient term:

∂ρ

∂t
+ ∇ · (ρu) = 0 , (1.76)
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∂B

∂t
= ∇× (u × B − η∇× B) . (1.79)

Equations (1.76)—(1.79) are further complemented by the two constraint equations:

∇ · B = 0 , (1.80)

p = f(ρ, T, ...) , (1.81)

and suitable expressions for the viscous stress tensor and for the physical coefficient ν, χ, η, etc.
Note that gravity g is explicitly included on the RHS of (1.77), that e is the specific internal
energy of the plasma (magnetic energy will be dealt with separately shortly), and that eq. (1.81)
is just some generic form for an equation of state linking the pressure to the properties of the
plasma such as density, temperature, chemical composition, etc.

This is it in principle, but in what follows we shall seldom solve these equations in this com-
plete form. In the parameter regime characterizing most astrophysical fluids, we usually have
Re ≫ 1, which means that the (u ·∇u) term in eq. (1.77) will play important role; this, in turn,
means turbulence, already in itself an unsolved problem even for unmagnetized fluids. There
is also a strong nonlinear coupling between eqs. (1.77) and eqs. (1.79), so that the turbulent
cascade involves both the flow and magnetic field. Finally, with both Re ≫ 1 and Rm ≫ 1,
astrophysical flows will in general develop structures on length scales very much smaller than
that characterizing the system under study, so that even fully numerical solutions of the above
set of MHD equations will tax the power of the largest extant massively parallel computers,
and will continue to do so in the foreseeable future; which is why judicious geometrical and/or
physical simplification remains a key issue in the art of astrophysical magnetohydrodynamics...
and will also continue to remain so in the same foreseeable future!
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Magnetic induction equation

Lorentz force

amplification destruction

Ohmic heating
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Energetics of the Sun in a nutshell

Miesch 2005, LRSP

• Turbulent convection is driven by radiative heating  
at the bottom of the convection zone and by radiative 
cooling in a thin surface layer.

• Kinetic energy is converted into magnetic energy via 
small and large-scale flow shear acting on the 
magnetic field (induction equation).

• Magnetic energy is converted into kinetic energy 
(and vice-versa) via the Lorentz-force and into 
thermal energy via Ohmic heating.
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Modeling global solar convection

Anelastic Spherical Harmonic code: Heating and cooling 
and bottom and top boundaries to drive convection inside 
a spherical shell (e.g. Brun et al. 2004, ApJ, 614, 1073)

• Most astrophysical convection codes drive convection by means of large amplitude heating/
cooling terms at bottom/top boundaries.

• The transport of energy near the top boundary is modeled via a flux proportional to the 
entropy gradient and a large thermal diffusivity.
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Modeling global solar convection

• The Sun’s luminosity increases steadily on evolutionary time scales due to change in nuclear 
burning rate (has increased by ~30% over the last 3 billion years).

• The Sun’s thermal structure is constant on timescales t << evolutionary timescale (e.g. Kelvin-Helmoltz.)

• An alternate approach is based on the fact that the Sun exists in a state of 
global thermodynamic equilibrium:

• We are interested in modeling magnetic activity over decadal/multi-decadal time scales.

Goal: solve for thermodynamic perturbations evolving about this state of equilibrium.
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Modeling global solar convection

Thermal conduction
Radiative  

heating/cooling

Subtract a globally and temporally averaged solution from the generic set of MHD equations 
to obtain the equations governing the thermodynamic perturbations about this averaged state 

(Talk by Piotr Smolarkiewicz)

• Expressed in terms of the potential temperature, the anelastic (sound-proof) MHD equations 
take the following form:
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Modeling global solar convection

Seek solutions with respect to  
horizontal & temporal average. 

(solar cycle period << t << KH time scale)

Global thermodynamic equilibrium Reynolds heat flux

is the  
ambient state 
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Modeling global solar convection

Approximate 
Reynolds 

heat flux as

-

Subtract thermodynamically balanced-state from the generic entropy equation:

=

Newtonian 
cooling
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Modeling global solar convection

 Implicit Large Eddy Simulation: All dissipation is handled implicitly using  
MPDATA algorithm. 

(Paul Charbonneau’s talk)

• We solve the anelastic MHD equations using the EULAG-MHD model, which relies upon either 
Eulerian or semi-Lagrangian NFT transport operators to perform numerical integration.

Newtonian cooling term relaxes 
entropy perturbations toward a 
superadiabatic ambient state.

These equations are a special case of the generalised perturbation equations for all-scale 
atmospheric dynamics (Piotr Smolakiewicz’s talk)
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Modeling global solar convection

• Helioseismology provides a constraint on the superadiabaticity of the convection zone.

~10-4 - 10-6

• Construct a solution consistent with the solar stratification:

EULAG-MHD

ASH
A convectively unstable mean state is achieved by 
relaxing the potential temperature toward a slightly 

superadiabatic ambient state
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Magnetic cycles

• A spatially and temporally complex small-scale magnetic field of mixed polarity is produced by the 
simulation:
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Magnetic cycles

• The most remarkable aspect of the simulation is the generation of a spatially well-organized 
antisymmetric large-scale magnetic field undergoing polarity regular reversals about the equator on 
a 40 yr period.

Longitudinally averaged longitudinal 
magnetic field component in our 

simulation: 
• Antisymmetric about the equator. 
• Undergoes regular polarity reversals 

on a decadal time scale. 
• Migrates toward the equator over the 

course of the cycle.

(maximum) (minimum) (maximum)
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Entropy equation

Total rate of internal energy deposition by convective 
motions inside a spherical shell extending from the base 

of the convection zone up to some radius “r”.
Total rate of internal energy deposition on a 

spherical surface (infinitesimal shell).

What is the role of each term on the right-hand-side of the entropy equation?
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• Convective motions homogenize entropy field (leads to an adiabatic stratification) whereas Newtonian 
cooling relaxes entropy toward superadiabatic stratification of the ambient state.

Entropy equation

The negative         near the 
base of the convection zone 
represents the transfer of 
the energy deposited by 
radiative heating into 
convective motions 

Newtonian cooling (represented 
by       ) balances the action of 
the mean resolved heat transfer 
(represented by       ), thus taking 
the role of                           , 
which is positive near the base 
of the convection zone and 
negative near the top as a result 
of radiative heating and cooling. 

The positive        near the top 
represents the deposition of 
the energy carried by the fluid, 
which is then radiated into 
space.

Newtonian cooling 
(represented by       ) removes 
the energy carried by 
convective motions.

A quasi-stationary state is 
achieved by the near 
cancellation of         and         .
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• This simulation shows an in-phase variation of the convective heat flux with total magnetic 
energy:

Magnetically modulated heat transport
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Magnetic activity and irradiance variations

Varying surface coverage by magnetic structures at the surface leads to variations in the total 
irradiance.

Passage of a sunspot at the 
surface leads to darkening

Keller et al. 2004

Brightening by small scale magnetic 
structures (faculae, network)

12

Figure 1.7. Le composite PMOD de l’irradiance solaire totale; voir la figure 2 de
[71].

(s 1 mois) [64]. Ces e↵ets surfaciques réussissent également à expliquer en grande

partie les variations à long-terme associées au cycle de 11 ans, qui sont associées à

l’excès d’irradiance totale observé au maxima du cycle d’activité par rapport aux

minima. Ce dernier résulte d’une surcompensation de l’assombrissement général dû

aux taches par l’éclaircissement dû à la présence accrue de facules et autres structures

magnétisées de tailles plus petites à la surface [65, 66]. Ces deux explications sont

bien supportées par les reconstructions venant de modèles empiriques de l’irradiance

incluant uniquement les e↵ets de surface [37, 107, 170]. En particulier, les modèles

les plus sophistiqués peuvent reproduire jusqu’à 97% des variations de l’IST sur la

période d’un cycle, et jusqu’à 92% de la variabilité durant la période allant de 1974

à 2009 [4]. Néanmoins, la possibilité que des sources d’irradiance autres que celles

étant reliées au magnétisme en surface puissent également apporter leur contribution

aux changements de l’irradiance a été évoquée au fil des années, et forme la base d’un

débat opposant deux écoles de pensée sur l’origine ultime des variations de l’IST.

Ces sources spéculatives font intervenir des modifications de la structure thermique

Overcompensation of 
sunspot darkening by 

brightening from small-
scale magnetic structures  
leads to 0.1% increase in 

the total irradiance at 
cycle maximum.
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Summary/Conclusions

• Global MHD simulation produces solar-like large-scale antisymmetric magnetic 
field undergoing regular polarity reversals about the equator on a decadal time 
scale.

• Convection is driven internally by relaxing the entropy of fluid parcels 
toward the superadiabatic ambient state.

• Because solutions are sought in terms of fluctuations about a superadiabatic 
Θe ambient profile in the convection zone, the solution’s dependence on 
dissipation/diffusion is greatly reduced. This enables dynamic equilibria that 
might have been unreachable on dissipative paths of integrations starting 
with Θe ≡ Θo and a large amplitude heating/cooling forcing applied at the 
model lower/upper boundaries.

• We solve for perturbations evolving about a slightly superadiabatic ambient 
state consistent with the mean solar stratification.

• The in-phase modulation of the convective heat flux with the magnetic cycle 
present in our simulation suggests that a similar mechanism could be 
operating in the Sun and also contribute to solar irradiance variations. 
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Summary/Conclusions


