Discretization of generalized Coriolis and friction terms
on the deformed hexagonal C-grid

Almut Gassmann, IAP Kuhlungsborn, Germany

—Figure: MPAS model: variable
mesh hexagonal C-grid
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hexagonal C-grid trivariate coordinate system

. . 2 . . . .
V=ul+ ) — = (uly + Uzl + uslz)

3
u,=Vv- ii 2
1
Uy +uUy +us =0
3
discretization: U+ 41U =0

1 _
John Thuburn (2008): I'Iil — 3 (u_11 n 2u_123

Goal of this talk:

Prove atu‘ll + atu'zz + atu33 — 0 | forlinearized SWEs around a zonal flow.

Highlight implications of this constraint on vorticity flux term!
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If L+ +u30 =0 | is not fulfilled ...
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...checkerboard! Bad!
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Proof of ;' +;° + 3" =0 ot =< (Gt + 2 )

Helmholtz decomposition (periodic domain):

v="kxV+Vy

/\/1 /\/1 /\./1 /\/1
B 1 3 /2
U1 = ——3 029" — 03Y" | + 01X
N2 1' Y TR N\
u = - (531;;1 . 511;;‘3) + dax
' 3 7\s3 U3
3 1 [ % 7, )
(NS - 5y —O‘:q‘l) + 03X
O = O + O

Sixt+ 5,0+ 607 =0

If the normal velocities are rotated by 90°, the hexagonal D-grid is the
only consistent possibility for the numerics, not the triangular C-grid.

Scalar variables at triangle midpoints lead to inconsistent schemes.
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Shallow water velocity equation

().—V =  —V(k+ gh)— S —lt l\( X hﬂv — lV .\ iy

] v > s
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Linearized shallow water velocity component equations

- - — —_— —2 . -—3 . : - e - e I ;
Oy =| —o1(k+gh) Hf(@2" =)/ V3G (=U/2) = & (=U/2)/VBH KD — K (5263 — 53¢2)/ V'3
- - — —_— —3 - —1 - . - o rr e a c .
Oz = —da(k +gh) H (@5 — ) /VBG(-U/2) =G (U )/VBHEKsRD - K (53¢ — 0163)/V3
- - — —~ —1 . —2 . ; - s N -
drug = —0a(k+gh) @ =@ )/V3W(G (U ) =T (=U/2)/V3HKs3D — K(51Ca — 62¢1)/V/3
proven to be proven
Thuburn (2008) next page:
Laplacian of Helmholtz
This term has not yet decomposition
been considered in the if  defined on rhombi
literature!
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(1 = 20z —d3u2)/V3 = VO

= 2(d2(—(010% — 520")/V3 + d3x) — d3(— (38" — 610°) V3 + 52x))/V3

= 2/3(=0120% + d920" + 330" — 0130°)

= 2/3(=0129% — 0130° — 6110 + 0110 + G290 + d339)
= 2/3(=01(029” + 030° + 019") + 0119 + Ga09" + d330")

= 2/3(6119" + 200" + G339")

Diffusion term ...is Laplacian of ...

HEK81 D — K (82¢3 — 03C2)/V3
HKdoD — K (53 (3)/V3

HK 03D — K (861G — 02¢1)/V3

7z
i

U1

U9

U3

Helmholtz decomposition

1 ~ ~ .
= —— (52?.113 — 53¢2) + 01X

— (859" — 619%) + bax

S

(51@/} B 0 ) + 53y

S-%
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Consequences for the vorticity flux term Lul

lur

~ A ~ A ~ fl-v 1
(1 = V2 L.""l — v2¢,3 = (3

3l 2l

Ir Ir
111 1ir
—2 1 —3 2
3 - —1
- U/ 2 )+U(C2 —¢ )=0

N

vorticity usage
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Practical consequence for PV flux term

1 , n  reconstruction weights remain as in TRSK
Qe = Z Wee Gee’ frerVer « PV usage is new °

* energy conservation remains as in TRSK,
because swapping e and e touches the
same PV's

e’eNB
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Nonlinear shallow water velocity equation

ov ¢+ 1
ot h
nonlinear Coriolis term
vorticity flux term

Is the vector invariant form
. 1 —-1 2 53 1 —2 — 1L —3 — 1Ll
druy = —551('“% +ul +ui )+ m((QC;qul +Cauz ) — (20uzt + Couz )
equal to the ,pseudo-continuous‘ advective form?
, 2 , , , a2 . . 2 2
Orut|ady = §(_Uldlul — ugdguy — uzdzuy) f- ﬁ(dz(dwz) + 03(01u3)”)

No!

Hollingsworth et al. (1983) instability seems to be possible. Bad!

Linear dependency constraint in the linear limit prevents checkerboard. Good!
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Baroclinic wave test : Day 7 Linear dependency fulfilled?

1 —~2 ~3
at(ul +u2 +u3 = e
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Linear dependency fulfilled?
Baroclinic wave test : Day 15 0, (W + W+ u5) = -

GASSMANN, day 15 w [m/s]
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The linear dependency constraint prevents the instability.
An instability of the Hollingsworth kind seems not to be present.

LEIBNIZ-INSTITUT .
FUR
ATMOSPHAREN
PHYSIK ft

A. Gassmann: Hexagonal C-grid discretization PN




Friction tensor

ov C+f 1
Yo~ V(ktgh) - Tk xhvl 2V T
ot h h
hdiuq %‘[(51 u1—02u9 + 51111—(531[3] %&[52‘&1 + (511[2] %2-[531141 + (511[3]
hoius = (‘51 s 5'2~ (53) : 213(3 [5211'1 + 51-u2] %—[52112—5311'3 + 521[2—511[1] 213’1 [521143 + (531[-2]
hoius 2K [(531[1 + (51‘1[3] &[(52‘&3 + (531[2] 4K, [(53‘1[3—(51 uy + (53'U3—(52‘u-2]
fric 3 3 9

physical constraints:

» traceless (volume-preserving),

« symmetric (invariant to addition of solid body rotation)
* entropy production is positive

mathematical constraint:
* linear dependency in linearized case
But, for a constant diffusion coefficient, the Laplacian is not obtained!

L2 1. 2 el 1
hoguy|fric = K [§(511u1 +022u1 +033u1) + 201(5(d1u1 + d2uz + d3u3))] = K[Vuy + §5lD]

/

LEIBNIZ-INSTITUT
FUR
ATMOSPHAREN

a

PHYSIK

A. Gassmann: Hexagonal C-grid discretization



Shear and strain defomations in the stress tensor

- 1 - 1 - 1
hoiuy | fric = 51(]\"CE1) + (Sll(l\lpl + I\%gp-z + K3F3 )

Deformations may not be computed by with Gauss or Stokes.

Derivations have to be estimated via least squares reconstructions for instance in the rhombus center
in the coordinate system of the central edge:

)

1 2 e
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modified TRSK, day 15 K [m?/s]
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Diagnosed Smagorinsky diffusion coefficient
K =c,L?S|
S| = sqrt(E>+F?)

Future further development direction: dynamic Smagorinsky scheme
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Summary:
Full equivalence to quadrilateral C-grid is achieved!

* regular trivariate grid introduces linear
dependency constraint

« vector invariant form of momentum
transport must use special edge
vorticities

* Hollingsworth instability does not occur

» friction tensor leads to unexpected
diffusion term: Laplacian + grad D/3

« reconstruction of gradients of vector
components is needed for shear/strain
deformation on a deformed mesh.
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