Une question d’équations
O

A simple matter of equations
by Claude Girard
O

The most beautiful equations of GEM

The scientist does not study nature because it is useful;
he studies it because he delights in it,
and he delights in it because it is beautiful.
If nature were not beautiful,
it would not be worth knowing,
and if nature were not worth knowing,
life would not be worth living.
Henri Poincaré

N.B.: Certain document features can be better viewed in the ppt document available at:
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- Derivation of the Euler equations
in vertical {(dzeta)-coordinate
of the log-hydrostatic-pressure type
with a modified definition of hydrostatic pressure
vertically discretized on a Charney-Phillips grid

-Implementation in GEM

-A comparison: ALADIN-NH/IFS-ECMWF
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35 years in RPN 1973-2008
learning dynamics & numerics ... besides physical parameterization

-Semi-Implicit Scheme (Robert, 1972)
-Spectral Method (Robert, 1966, Daley et al. 1976, ECMWF)

-The primitive equations in g-coordinate Spectral
-Vertical discretization in o-coordinate (SDF, SEC,CCRN) Models

-Semi-Lagrangian Scheme (Robert, 1982)
-The Euler equations in generalized height-base Z-coordinate MC2

-Vertical discretization in Z-coordinate (MC2)

-The Euler equations in mass-base /7-coordinate (Laprise, 1992)
-hydrostatic-pressure type

-The Euler equations in hydrostatic-pressure n-coordinate (Yeh et al., 2002)
-Staggering in the vertical of the Euler equations in /-coordinate GEM
-The Euler equations in log-hydrostatic-pressure type {-coordinate
-Staggering in the vertical of the Euler equations in {-coordinate

... learning mostly from Canadians



The Meteorological Equations

Momentum: ﬂ + /kxV + l [lp+gk =F
dt o,
Thermodynamic: dT — ! dp — Q
dt pc,dt c,
Continuity: dlnp + LV =0
dt
Gas State: p= ,OR T

<4 G dependent VariabIeS:V=(Vh,W),p,,0, T

6 Equations

6 Equations: 5 prognostic + 1 diagnostic



The Meteorological Equations (

6 Equations

6 Equations:

F

i Momentum: ﬂ + /kxV + l [lp+gk =F
- dt o,

S

t Thermodynamic: dT — L dp — O

dt pc,dt c,

L

a Continuity: dinp + 0V =0
W dt

2™ | _, Gas State: p=pPRT
Law

<4 G dependent Variables:V=(Vh,W),p,,O, T

5 prognostic + 1 diagnostic




The Reduced Meteorological Equations ¢,

(elimination of p)

%+ijV+RTDlnp+gk=F
ﬂ+kaV+EDp+gk:F
dt p

ﬂ+ijV+l[|p+gk:F

dt o,



The Reduced Meteorological Equations (2)

(elimination of p)

%+ijV+RTDlnp+gk F

dlnT_Kdlnp_ 0
dt dt ¢,
dinT R dlnp _ O
dt c dt T

p p

dl’ _RTdp _0
dt ¢, pdt c,
Y

dl 1 dp




The Reduced Meteorological Equations

(elimination of p)

ﬂ+ijV+RTDlnp+gk=F

dt
dInT _Ka’lnp _ 0
dt dt c T

dlnp
dt

dinp/T
dt
dinp
dt

p
(1-K) Ov=2
cpT

+LV =0

+LV =0

p=PRT



The Reduced Meteorological Equations

%+ijV+RTDlnp+gk=F
dInT _Ka’lnp _ 0
dt dt c,T
(1-)HP oy = €
dt c,T

5 prognostic Equations



Vertical coordinate transformation: z to { (unspecified) ¢

d¢ 0
dz 00

which can all be recovered
from the invariance of a Z a

the total derivative
are sufficient \ (32 0z a( \
d d df _of N dx, of
dt dt dt 0t dt Ox,

2+V,1D]] AL Ea+V 1, +Z—

Ot ) 0z Ot 0{

No transformation of vector components!!!

These transformation rules XDZ = D - DZ Z—

The 3 winds components are treated as 3 independent scalars !!!

Incomplete transformation



{ is an oblique (non-orthogonal) coordinate

v =vir, oy L=y Y

a"/

k%V§+Z_JZ;kE+ZGZ 5@2%14_%%]4_3( DZE

ox'
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s H of _- covariant components
‘o 0, ox’

| :U,V,Z; contravariant components

V =Ui +wk

V= UB+

W—%"'U%"'Z%

ot Ox 14

kH+Z

H

{ =V



Vertical coordinate transformation: z to { (unspecified) ()

v, + fkxV, + RTU] In p =F,

N X dt
— tAXV+RTOInp+gk =F e cji_vtv+RT02p +g=F
dinT _ dinp_ Q0 —y dinT_ dinp_ Q
dt dt c,T dt dt c,T
(1-K) K vO. oy, + 2 = 9
c T ‘ 0z ¢ T




Vertical coordinate transformation: z to { (unspecified) (3

dV B 0{ Oln p
“+ fkxV, +RTH], Inp -0,z % o7 F,

dt -
dw 0{ Oln p

Y v RT +g=F

~ 1 oz oc © v

v, + fkxV, + RTU_ In p =F,

dt
\ dw

__I_RTalnp rg=F
dt Oz




Vertical coordinate transformation: z to { (unspecified) ()

) ¢ o eT

E@z DW+GZ—Q




0 _d¢ 0

/ 0z 9z o
0z 020(
97 0
azaféi’t
:aZ 0 Ea +V, D]]52+Z-%E
104 OZ Ot [ 4
_0¢@ofoz oy HO20, 5 0
oz FRrtocH ' ‘BecH C o¢
_9 [d az%avhmz 8l oz
oz Hirtpz | o7~ ¢ oz o
ow_d o

oz %az N,
Oz dt 0z 0 Y4

:



[T
0z GZ

0.0V, =0, IV, _Z{\th é
Z
+  ow_d Eaz g}i\g o
—_ 111 T / :lZZ +—
Oz dt 0{ 0z 0 X 0OC
Dzwh+awzd1n?_z . h+£
0z dt /4 0l




Vertical coordinate transformation: z to { (unspecified) ()

dv, ] 0{ Oln p
+ fkxV, +RTHI, In p— O
R e = e S
dw RTaZ Oln p rg=F
a7 e o

dlnT dln g
dt T

dt dt c T

p

(1—K)dlnp+d1nE%%+ v, +‘35_ O

dz

5 equations 2 vertical velocities “ =0

— N dt
7 dependent variables: Vh,w,p,T,Z,Z ? z=2z(r,,{,t)
- ho9 9




The equations of GEM4

Vertical coordinate transformation: z to ¢ (unspecified)




Vertical coordinate transformation: z to { (MC2)

dv, ] 0{ Oln p
+ fkxV, +RTHI, In p— O
R e = e S
dw +RT 0{ Oln p rg=F
a7 e o

dlnT dln g
dt T

diagnostic equation (1 —K) dinp " d IHE % v, + OZ = ¢
/4

dt dt c,T
vV Z_I_Z‘ 0z — 0z _ 0
— = -_— ——w
e /[ 4 0ty dt
{ = ZES or z=¢, +(1-{)z,

Zr T Zg



Vertical coordinate transformation (GEM4): zto In7 to { o

A% | 0 dlnp
Tth-l_jkxvh-l_RT_ Zlnp—DZzaZ Ve %— ;
d_w_I_RTaZ Glnp_l_g:Fw
_0ln(p/m) dt 0z 0(

a1 dv.
nir —h+]kXVh+RTE](1HP+DZZ%(1+'U)§:F}’

0{ 0lnp _Olnp
0z 0 oz
_Olnpodlnm
“dlnm oz
:H_l_alnp/ﬂEplnr[
0 Odlnm O oz

dw g
—+ RT[+—=-|1 =

%+kavh +RTL, 1np+(1+/1)Dz¢:Fh

dw
d a
w N vertical acceleration
dt gravitational acceleration




Vertical coordinate transformation (GEM4): zto In7 to { »

(1—K)d2p jln % W+65_QT
C

- dlnp d %alnﬂ%mw+65_Q

1
\dlnp )t\?T+1n _ hm@+ - +az %
dlnp d _1n7T Dzwh"'%:o
\dt dt (014 14

Q=gz
0z _10¢_1 09 olnm_ _RT dlnm
Z g0{ gO0dlnm 9 g 0¢




Vertical coordinate transformation (GEM4): zto In7 to {

%+ijVh+RTDZlnp+(l+/J)DZ(p:Fh
dw
- - :F
” gH=r,
dlnT_Kdlnp_ 0
dt dt. c,T
dlnp+dlnz In 7T Dzwh+%=0
dt dt [0 (0] 4
09 _
9 equations RT+alnn_O
9 dependent variables: _Olnp/m =0
v 7 Z | Oln 7T
9W9 b b b b 9 nn. d
WP L, @6, - f_ngo



Piop! Pry =My <N <1:specified m-like model levels;  p,, = 10° Pa
=4 +n(n)

Inp,, ={;<{ <{;=Inp,, :calculated Inn —like model coordinate levels
Inr=A{)+B(Z)s

EZ_ZT r
A=C; =
¢ ? S_ZTE




Going to model variables ¢, ¢, s )
from @ p, In7T

P=¢—@ @({)=-RT.({ —{)
g=Inp/m O _ _RT. T,=240K
S :ln(lts/pref) aZ
dq -
_:—RT;
dt ¢
Inrmr={ + Bs

mp=lnp/m+Inm
Inp= g +{+Bs

g =In p —In 7T : non-hydrostatic log-pressure deviation



Going to model variables ¢, ¢, s @

d;;h + /kxV, +RTD((BS+Q)+(1+,U)D(¢:Fh
th+jka + RT0 lnp+(l+,u) 0=F,
P=@+¢ _ln%% =Ll +ZE_CT
Inp=qg+{ +Bs dinT _ dinp _
dt dt cT
L, @=
L, Inp =
dinp d




Going to model variables ¢, ¢, s

av,
dt

+ /kxV, +RTD((BS+Q) +(1+IU)D(¢:Fh

dw
—-gu=F

—ln B +qg)+
%% % ’ q ZE_C T
% Bs +q +1n%+—s%+[l LV, +

dinp  d [Plnr Dw+az’ o
N4
dt dt — 0 04
dinp d
Bs + gl +
dr dt( q)+<
In7T=¢ + Bs

&)



Going to model variables ¢, ¢, s

av,
dt

+ /kxV, +RTD((BS+Q) +(1+IU)D(¢:Fh

dt &

dg '

& _RT. —gw=0
d—qo—gvv:O dt ¢ -gw
dt aq

olmlp/m o ey - =0
K omm =0 a(Z“LBS)
RT+-9% - LN 0{¢—RT) —

dln7T T. RT.A|{ +Bs)



The 8 non-hydrostatic equations of GEM

av,
dt

¢ /kxY, + RTT) (Bs+q) +(1+ 40, @=F,

dw
L T8HEE,

—ln%% % Bs+q +ZB_C =

d%Bs+q +lnH+ %D D7+aZ

dt ]
dy
——RT*Z— =0
The 8 variables: dt o
: dg  _
Vh9T9¢9Z9S 'U_G(Z+BS)
w,q,H T . G(QD—RT*Z) ~

I RT*G(Z +BS) -



The 5 hydrostatic equations of GEM

av,
dt

+ fkxV, + RTO,(Bs )+ 0,¢=F,

iRy %5

d %BS +lnB+ %D LV, +aZ

dt ]

The 5 variables:
V,.T.¢.,s

el T, 8(¢-RT.L) _

I RT*G(Z +BS) -




Discretizing in the vertical with staggering

4, + /kxV, +R?D((BS +Q) +(1 +;)DZ¢:Fh

dt

d(Z + Bs)
T, d(¢-RT)
T. RT.A({ +Bs)




momentum
levels

Charney-Phillips Grid

qaf’qT—ZT_

_________ TW=—=—=—===

-------- Vi, g --------------.
T,w,¢

-------- Vi, g --------------.
T,w,¢

-------- Vi, g --------=------.
T,w,{

-------- Vi, g --------------.
T,w,¢

-------- Vi, g --------------.

_________ Tw======

thermodynamic
levels

N mom. layers
N mom. levels
N+1 th. levels
N-1 th. layers
2 th. 2 layers

2 boundaries




The 8 non-linear equations of GEM4

dVv
e iV, + R+ XD, (Bs +g) + (1400 = K,

dw
R
<6 T%x%@wqwg:;%
d %Bs+q +1>§i+—s %+Z =0

dt ]
_¢_ gy
~~ ~RTL —gw=0
__O0q _
S 2y~ o
0(@+RT.Bs)
T. RTG(Z+B§{




The 8 linear equations of GEM4

av,
dt

+lxV, +R(T.. )0, (Bs+g)+  J,@=0
dw

_— =(
” gH
d

- E %%K%(Bs +q).+ZE:O

d | 0B 0
S HdBs+q)+ s 0,0V, 42+ =0

AP _ 277 — ow =
- RT. —gw=0
Og  _

- =0

Sl ra
T' . O\@+RT.Bs)
T. RTAZ |




The equations derived in 6 steps

Vertical coordinate transformation: z to ¢ (unspecified)




Vertical coordinate transformation: zto In/r to {




Going to model variables ¢, ¢, s




Discretizing in the vertical with staggering




The equations implemented in 5 steps

1. Introduction of Staggering in Z (hydrostatic pressure).
2. Logarithmic differencing in the hydrostatic equation. From AZ to A
3. Incomplete coordinate transformation. From Z to InZ.

4. Complete coordinate transformation. From InZ to { . Vertical mot/orZ
5. A modified definition of hydrostatic pressured @/ 0In 7T=—RT

Z=TL, — { =Inrt,

0Q/0ImT=—1/p| = 0@/0InT=—-RT




Changing the Vertical Coordinate




Changing the Non-linear Dynamics System




Changing the Linear Dynamics Systems




A comparison: ALADIN-NH, IFS-ECMWF

" N+ - P =,
dt p m on
w dw, B_L1®H,
dt 0 monQ
T dr _RT , _Q
d ¢, °
p dp C_p D3:@
dt c,T
om 0
man E"‘DHL_ZMV}Z"'—WI”:O
on
ap Gw ﬁ D_
e D, : D3—§:|,7D7h 0,9 H_O
Definitions: mRT 0n mRT
om_
on — =0
IT= A+ BT,

8 variables, 8 equations (6 prognostic)



A comparison: ALADIN-NH, IFS-ECMWF

Change of Variables
g =In(p/m]
__& ow
mRT on
X =-"tf_ O.@ LV’Z
mRT on

D=0 v, - M, P 0oy +d +X
g mRT dn mRT """ on "



A comparison: ALADIN-NH, IFS-ECMWF

dV,  RT 1 op
r O p+—L 0, @=F
Vh dt p m@l] r]¢ h
2 —
g 99 d +X]+ g'p 0 flolp-mp g 9V, 0w =5 OF,
dat mRT dnpon  dn O mRT on mRT on
- dr RTIG oy, 4 +x)=2
. df C, C,
q: dq n C(DD’+d +X) Qo
' dt T c c,T
om 0
) +0, IV, +— 0
m,n : Gt anmn
: a¢+mRT:()
v on p
g=In(p/m) =0
a d + &P a—W:
W mRT on
& 0
X mRT ?
T T=...

11 variables, 11 equations (6 prognostic)



S,

A comparison: GEM

dV
dt

— 1+ RTT]

(\Bs+q)+|

%?%

8 variables, 8 equations (6 prognostic)



OUR EQUATIONS,
ARE’NT THEY BEAUTIFUL?

beginning/end
hydrostatic/non-hydrostatic
linear/non-linear

analytic/discrete

[]

Plutot jolies, non!
1975
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