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Pole problem

• Severe limitation of time-step due to the 
small zonal interval near the pole with 
lat-lon grid, calling for quasi-uniform 
distribution


• However, no obvious methods known 
to distribute many points uniformly on 
the sphere


• One of 18 mathematical problems left 
for 21C (Smale 1998)

but still very valuable, GARP Publications Se-
ries No 17 (Mesinger and Arakawa 1976; Kasa-
hara 1979) on Numerical Methods Used in
Atmospheric Models. For a summary of numer-
ical methods that have been used for global
models and additional references see William-
son (1992) and Williamson and Laprise (2000).
An excellent book by Durran (1999) covers the
fundamentals of numerical methods for atmo-
spheric problems and fluid flow in general.
More recent reviews on specific types of
schemes include Machenhauer et al. (2007) on
finite-volume methods and other contributions
to that volume.

This paper concentrates on the adaptations
to spherical geometry, the pole problem, rather
than the details of numerical methods. This
primarily involves the horizontal aspects of the
schemes and we do not discuss the vertical as-
pects although they are of course very impor-
tant. We cannot go into all details but try to
point the reader toward current research direc-
tions that they might follow if interested.

2. History of the pole problem

2.1 Early developments
The earliest atmospheric models were grid

point, finite difference based. The thrust in at-
mospheric modeling was in basic numerical ap-
proximations for nonlinear fluid flow and dealt
with issues such as accuracy, efficiency, conser-
vation, and nonlinear instability. The earliest
models involved transforming the equations to
a map projection over a limited region of the
sphere. Cartesian coordinates were then ap-
plied on the map projections. Applying these
approaches which were developed for Cartesian
coordinates on map projections to the entire
sphere introduced an additional set of difficul-
ties. Almost all the approaches applied to the
sphere in the early days with varying degrees
of success, have been resurrected in recent
times and remain foci of current developments.
Williamson (1979, 1992) provide extensive
references and more details of these early de-
velopments than can be included here. Several
of these early approaches which did not reach
fruition then are now looking promising with
recent work which combines them with more
modern numerical methods.

Spherical curvilinear coordinates (latitude
and longitude) present the most obvious coordi-

nate system for the surface of the sphere. The
most natural grid for spherical coordinates is
equally spaced lines of constant latitude and
longitude and therein lies the problem. Figure
1 illustrates such a grid. The meridians conver-
gence approaching the pole making the longi-
tudinal grid interval (measured in distance
rather than degrees) approach zero at the pole,
and the coordinate system becomes singular
there. This convergence and singularity led to
the term pole problem being applied to a rather
vaguely defined problem. But this pole problem
is really one of economics rather than a funda-
mental problem. The singularity itself can be
dealt with in a variety of ways.

The earliest numerical weather prediction
models were formulated with the equations
transformed to a map projection. Conformal
projections were chosen because they result in
greater symmetry in the equations when writ-
ten in terms of Cartesian coordinates on the
map projection. Stereographic and Mercator
projections were the most common, with do-
mains at most hemispheric. It was natural to
attempt to extend these projections to sphere,
but no single conformal projection maps the en-
tire sphere onto a finite section of the plane.
Therefore Phillips (1957) proposed combining
several projections to cover the sphere. This
approach would later be referred to as a com-
posite mesh, and more recently as overset
grids. He used two polar stereographic projec-

Fig. 1. A latitude-longitude grid consist-
ing of equally spaced lines of constant
latitude and longitude.
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SH: Spherical Helix

Quasi-uniform nodes on the sphere

https://github.com/
gradywright/spherepts

ME: Minimum Energy

Tomita et al. 2001Bauer 2000

NI: Icosahedral
� = m✓ mod 2⇡ NICAM



Spherical Helix

• Helix equation


• Assume equal interval 
and pitch 
to obtain


• For almost constant intervals


• No iteration


• No limitation on the number of nodes

λ = mθ mod 2π

m = nπ

Δs ≈ 2m/n
Δθ = 2π/m

Δs
Δθ

cos θk = 1 −
2k − 1

n

(Bauer 2000)



Application of RBF to PDES

• Advection on the sphere: Flyer and Wright (2007)


• Shallow water equations: Flyer and Wright (2009)


• Mesh-free: no staggering, irregular geometry, local refinement 


• Quasi-uniform nodes for a longer time step


• Spectral convergence with a very simple algorithm


• Locality: less aliasing and Gibbs phenomena (Fornberg et al. 2008)



RBF: Radial Basis Functions

• RBF depends on the distance r 
from the node


• Shape parameter ε determines the 
radius of influence



Type of RBF

• Infinitely smooth: GA, MQ, etc 
 
 
 
 
 
 

• Piecewise smooth: cubic, thin plate spline

d
dr

1 + (εr)2 =
ε2r

1 + (εr)2

d
dr

exp [−(εr)2] = − 2ε2r exp [−(εr)2]



RBF Interpolation

f ≡ [f1, f2, ⋯fn]𝖳

c ≡ [c1, c2, ⋯cn]𝖳f = 𝖠c

𝖠 ≡

ϕ(0) ϕ(r1,2) ⋯ ϕ(r1,n)
ϕ(r2,1) ϕ(0) ⋯ ϕ(r2,n)

⋮ ⋮ ⋱ ⋮
ϕ(rn,1) ϕ(rn,2) ⋯ ϕ(0)

ri,j ≡ = xi − xj

f (x) ≈ s (x) =
n

∑
k=1

ckϕ (rk)RBF expansion

Data and nodes

Collocation condition

rk = x − xk

fk = f (xk)



Nodal weight

• Surface of a unit sphere


• uniform weight of a node


• Sums of each column of 
RBF interpolation matrix

4π

4π/n

w = 4π
𝖠−1e

e𝖳𝖠−1e
e ≡ [1,1,⋯,1]𝖳

Sommariva and Vianello 2005



Error from uniform weight
SHME NI %
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Derivative operator

Distance

Differentiate RBF

rk(x) = x − xk = (x − xk)2 + (y − yk)2 + (z − zk)2

∇f (x) ≈ ∇[
n

∑
k=1

ckϕ (rk (x))] =
n

∑
k=1

ck ∇ϕ (rk (x))

Gradient of RBF

Flyer and Wright 2009

∇ϕ (rk (x)) =
dϕ (rk (x))

dr
∇rk (x) = ϕ′�(rk (x))

x − xk

rk (x)



Shallow water model

projects a vector to the tangent plane

Cartesian formulation
∂u
∂t

= − (u ⋅ P∇) u − f (x × u) − g∇h + μx

∂h
∂t

= − ∇ ⋅ (hu)

Flyer and Wright 2009

Lagrange multiplier (Côté 1988)μ = x ⋅ {(u ⋅ P∇) u}
P ≡ I − xxT



Projection to the tangent plane
radial component tangential componentxx𝖳u u − xx𝖳u

P = I − xx𝖳 =
1 − x2 −xy −xz
−xy 1 − y2 −yz
−xz −yz 1 − z

P∇ϕ (rk (x)) =

xx𝖳xk − xk

yx𝖳xk − yk

zx𝖳xk − zk

ϕ′�(rk (x))
rk (x)



Derivative matrix

𝖡k
j,k ≡ [xj xj x𝖳

k − xk]
ϕ′�(rj,k)

rj,k

P∇f
x

= (𝖡x𝖠−1)f

𝖣x𝖠 = 𝖡x

Solve the linear system for Dx

Similarly, Dy  and Dz are obtained.



Numerical studies

• Standard test for shallow water equations (Williamson et al. 1992)


• Seven tests including steady-state, flow over isolated mountain, and 
Rossby-Haurwitz wave


• RBF filter (Fornberg and Lehto 2011) as numerical diffusion in Case 5–7


• 4th Runge-Kutta for time integration


• Compare ME, NI, and SH with 2562 nodes (g-level 4)～T51



Case 3: Geostrophic flow with compact support

NISHME

n = 2562;�t = 24min " = 4.75

–2e–4 2e–4
`2



Case 3: Geostrophic flow with compact support

5日1 2 30 4

Time

NI

ME

SH
`2

n = 2562;�t = 24min " = 4.75

1.62×10−8

0.335×10−8

0.679×10−8



scheme. Figure 11 plots the stability domain for the leapfrog scheme with a
Robert’s filter of gZ0.07 along with the spectrum of the RBF operator for the
linearized equations for 3Z0, 0.2 and 0.7. The most important trend to note is
that as 3 decreases the real part of the eigenvalues spread off the imaginary axis
and into the right half plane both near the centre and at the ends of the
spectrum. As was noted in figure 9, the worst case is for 3Z0 when RBFs
reproduce SH. However, if we look at the eigenvector associated with the
eigenvalue having the largest real part in this case, as displayed in figure 12, we
see such modes are spurious and not physical. As is well known in the SH
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Figure 7. Relative [1, [2 and [N errors in the height field for the steady-state test case as a function
of time for NZ3136, 3Z3.25 and DtZ10 min.

Table 1. Comparison of commonly used spectral methods for steady-state flow with aZp/3. (The
number in parentheses in the RBF section corresponds to the square root of N, which is inversely
proportional to the node spacing. The number in parentheses in the SH section corresponds to the
number of SH coefficients updated in time. RBF and DF use the same time-stepping scheme. SE
uses a third-order Adams–Bashforth method. SH uses a semi-implicit time-stepping scheme
denoted by the asterisks. For the SH 1849 case (Spotz et al. 1998), gives DtZ3 min when using a
leapfrog scheme as is done in RBF and DF.)

method no. of nodes (N ) time step (Dt) relative [2 error in h

RBF 784 (28) 20 min 6.32!10K6

1849 (43) 12 min 1.97!10K8

3136 (56) 10 min 3.65!10K10

4096 (64) 8 min 4.72!10K11

5041 (71) 6 min 6.88!10K12

SH; Jakob-Chien et al. (1995) 8192 (1849) 20 min! (3) 7!10K10

18 432 (4096) 15 min! 2.5!10K10

DF/SHF; Spotz et al. (1998) 2048 6 min 2!10K6

8192 3 min 4!10K10

32 768 90 s 2!10K13

SE; Taylor et al. (1997) 6144 90 s 8!10K7

24 576 45 s 1!10K10

1961An RBF method on the sphere

Proc. R. Soc. A (2009)

 on April 24, 2017http://rspa.royalsocietypublishing.org/Downloaded from 

Flyer and Wright 2009

Spectral Element

Double Fourier

Spherical Harmonics

leapfrog

*Semi-implicit

Tomita et al. 2004 2562 1×10–3

2562 (51) 24 min 6.79×10−9RBF SH RK4



RBF hyperviscosity

• A–1 damps low order eigenfunctions weakly and high order eigenfunctions 
extremely fast.


• Irrespective of node distribution, number of dimensions, type of RBF.


• No decision required for what power of the Laplacian.


• No ode can grow for any ε

Fornberg and Lehto 2011



Case 5: Flow over an isolated mountain

NISHME

n = 2562 �t = 15min " = 4.25 � = �2⇥ 10�8
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Case 5: Flow over an isolated mountain
n = 2562 �t = 15min " = 4.25 � = �2⇥ 10�8
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`2

7.89x10–4

7.67×10−4

7.82×10−4



Case 5: Flow over an isolated mountain
mass

energy

vorticity

divergence

n = 2562 �t = 15min " = 4.25 � = �2⇥ 10�8
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Case 7: Forecast from 500 hPa analysis
日t = 5

NISH

n = 2562 �t = 15min " = 4.25 � = �2⇥ 10�7
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Case 7: Forecast from 500 hPa analysis
>30N

NISHME

Error from reference T213 (contours)

ー250 250



Case 7: Forecast from 500 hPa analysis
n = 2562 �t = 15min " = 4.25 � = �2⇥ 10�7
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vorticity

divergence

Case 7: Forecast from 500 hPa analysis

NI
ME

SH

n = 2562 �t = 15min " = 4.25 � = �2⇥ 10�7
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Settings and l2 norms

case 2 3 5 6 7

Δt m 24 15

ε 4.75 4 4.25

γ NA –2E-08 –2E-7

NI 2.15E-09 3.35E-09 7.67E-04 6.05E-03 4.44E-03

ME 5.39E-09 1.62E-08 7.89E-04 6.81E-03 5.54E-03

SH 7.91E-10 6.79E-09 7.82E-04 8.01E-03 4.40E-03



Summary

• Minimum Energy: “Scars”, Spherical Helix: Poles, Icosahedron: Vertices


• In steady state tests, RBF is not as robust as the spectral method but very 
accurate.


• Spherical helix and NICAM nodes are better than minimum energy nodes, 
but the differences are less significant in realistic tests.


• NICAM nodes have a good conservation of vorticity and divergence.



Q&A
Q. Subich: What are possible causes of the differences in time evolution of error 
in conservation?


A. It may be related to the inhomogeneity such as scars in ME.


Q. Behrens: Have you tested other RBF?


A. GA seems to be more sensitive to the shape parameter than ME.


Q. Côte: What is the computational complexity?


A. O(n3) to solve linear systems in precomputation and O(n2) matrix operations 
per time step. Techniques exist to reduce computational loads.


